Section 2 Proof and Logic

Paper 2 of the TMUA tests the candidate’s ability to think mathematically, and their ability to understand, and
construct, mathematical arguments in a variety of contexts. Questions may draw on any mathematical knowledge
from Section 1 (the eight topic areas MM1 to MMS plus the seven ‘GCSE’ topics M1 to M7) . However the
majority of questions will be phrased in terms of logical arguments or proofs.

The specification introduces a number of key terms and their mathematical definitions, which may be unfamiliar
to A Level students. It is crucial to understand these terms, and be able to use them to analyse or construct proofs.

The worksheet I have developed introduces all these concepts and provides examples and practice questions so
that students can become familiar with the terminology and how it is used.

There is also a PDF, ‘Notes on Logic and Proof’, published by Cambridge Assessment Admissions Testing. This
also covers the key material but it is 65 pages long and with no solutions, so many students do not find it quite as
helpful to start with. But it is certainly helpful to read through it once you have grasped the basics.

Specification for TMUA

The Logic of Arguments

Arg 1 Understand and be able to use mathematical logic in simple situations:
- The terms true and false;
- The terms and, or (meaning inclusive or), not;

- Statements of the form: if A then B
AifB
A only if B
A if and only if B
- The converse of a statement;

- The contrapositive of a statement;
- The relationship between the truth of a statement and its converse and its contrapositive.

Note: candidates will not be expected to recognise or use symbolic notation for any of these terms, nor will they
be expected to complete formal truth tables.

Arg2  Understand and use the terms necessary and sufficient.
Arg3  Understand and use the terms for all, for some (meaning for at least one), and there exists.

Arg4d Be able to negate statements that use any of the above terms.

Mathematical Proof

Prfl  Follow a proof of the following types, and in simple cases know how to construct such a proof:
- Direct deductive proof (‘Since A, therefore B, ... , therefore Z, which is what we wanted to prove.’);
- Proof by cases (for example, by considering even and odd cases separately);
- Proof by contradiction;
- Disproof by counterexample.

Prf2  Deduce implications from given statements.
Prf3  Make conjectures based on small cases, and then justify these conjectures.
Prf4  Rearrange a sequence of statements into the correct order to give a proof for a statement.

PrfS  Problems requiring a sophisticated chain of reasoning to solve.

Identifying Errors in Proofs
Errl  Identifying errors in purported proofs.

Err2  Be aware of common mathematical errors in purported proofs; for example, claiming
‘if ab = ac, then b = ¢’ or assuming ‘if sinA = sinB, then A = B’ neither of which are valid deductions.
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The Logic of Arguments

Statements
A statement is a sentence which is definitely true or definitely false - it can never be both.
In the TMUA we may need to consider the following types of statement:
- statements that are obviously true or obviously false
eg “5 is a prime number” or “5 is greater than 6”
- statements that need some work to decide if they are true or not
eg “4583641 is a prime number”
- statements that may be true for certain values

eg “the square of an integer x is odd”  would be a true statement for all odd values of x

Conditional Statements

We can combine statements together to form conditional statements, sometimes known as if/then
statements, where ‘if’ gives the hypothesis, and ‘then’ gives the conclusion.

If an integer is odd, then the square of the integer is odd  (this is true)

the hypothesis is “an integer is odd” / the conclusion is “the square of the integer is odd”

If an integer is prime, then it is an odd number (this is false)

the hypothesis is “an integer is prime” / the conclusion is “it is an odd number”

Implication of ‘If’ statements

The most important thing to remember is that conditional statements tell us what happens if the
hypothesis is frue, but they don’t tell us anything about what happens if the hypothesis is false.

Example: If it is raining then I will wear a coat

This tells me that if it rains, [ will wear a coat, but if it is not raining I can not draw any conclusion - I
might or might not wear a coat in this situation.

Be very careful not to infer too much information from a conditional statement.
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Logic of Arguments

la. Consider the following statement: “If it is my birthday, I will eat some cake”

What conclusion can I draw from each of the following statements: }g;r\/\,\o{g = cake

1) It is my birthday Vol 2ok coke

i1) Itis not my birthday  ~no  conclusion - el <ok cake | NP

1ii) I eat some cake No  corclugion = el b ol cabe on amoller day s ol be

iv)  Idonoteatsome cake 1L is nok me bic'hele
(becaug & & el MS &M,\dai [ rowh aaf @-ka>

1b. Consider the following statement: “If it rains the ground will get wet”
ratn = wet

What conclusion can I draw from each of the following statements:

1) The ground is wet No conclusion — M\-SLL be el (o~ o ®
1) The ground is not wet Lt hey nok beea f“&?niu\s

iii)  Itis raining e qrownd oL gt ek

iv) It is not raining No co~clusion - 3f°\MA M‘SL\r be wel »r C‘B

Ic. Consider the following statement: “If I am in Paris, then I am in France”

What conclusion can I draw from each of the following statements:

i) [ am in Paris T anm in Eance

ii) I am in France ro  eonclnSION  — gl bo 1 Fans or in bille .

iii)  Iam in London - T amanok tn Fonce = Lo ok in Fens

1v) [ am at the Eiffel Tower ., T ca 1 Porst = T ca i~ Frence

1d. Consider the following statement: “If a shape is a square, then it is a quadrilateral”

What conclusion can I draw from each of the following statements:

i) The shape is a square o a ﬁ\w&Arc\ah—m\

ii) The shape is a quadrilateral no conclugton - it be o gguee o a pare- el oFem .-

1ii) The shape is not a quadrilateral ;. g nob o Squere

iv) The shape is a rhombus T A STAUQ
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There are different ways to write a conditional statement which are all logically equivalent, as follows:

(*) If it is raining then I will wear a coat

a) I will wear a coat if it is raining

b) It is raining only if I wear a coat

c) Wearing a coat is necessary when it is raining.
d) Rain is sufficient for me to wear a coat

(*) The original statement has hypothesis “It is raining” and conclusion “I will wear a coat”
Let’s use the shorthand If Rain then Coat

Look at the equivalent cases a) to d) above, noting the relative position of the hypothesis and
conclusion, and how the meaning of each case stays the same.

Note that I can not draw any conclusion from the hypothesis “If I wear a coat” as the original statement
doesn't tell me anything about this situation.

Let’s consider each case in turn:

a) In this case the whole ‘if hypothesis’ is switched to the end of the statement and the conclusion
is given at the start, which gives us Coat if Rain
This is obviously a logically equivalent statement.

b) In this case the word if in front of the hypothesis in (*) has been removed and replaced with the
words only if in front of of the conclusion, which gives us Rain only if Coat
So the only way it can be raining is if [ am wearing a coat.

(This is often the case that people struggle with the most. It does not tell me anything about
what is true if I am wearing a coat. Instead it is setting out what must be true in order for it to be
raining - ie I must be wearing a coat. Or the only way it can be raining is if I am wearing a coat.)

c) The word if from case a) is replaced with is necessary, giving Coat necessary for Rain
In other words wearing a coat is necessary when it is raining

d) The words only if from case b) are replaced with is sufficient giving  Rain sufficient for Coat
So if it is raining, that is a sufficient reason for me to wear a coat.

These cases illustrate that you can swap if / only if to reverse the hypothesis and conclusion in a
conditional statement, for example

AifB

B only if A (A=Coat / B=Rain)

Similarly with necessary / sufficient

A is necessary for B B is sufficient for A

Necessary  If A is necessary for B, then B can’t happen without A, so we have ‘if B then A’.
Sufficient If B is sufficient for A, then A must happen if B happens, so we have ‘if B then A’.
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It is often useful to rewrite statements in the form “if hypothesis then conclusion™, so it is easier to
compare which ones have the same meaning.

2. Rewrite the following true statements in the form If... Then ...

a) The ground gets wet when it rains

b raiae, B Mo Sro—4 SA& vet
b) All mammals have hair

i a wanamel Ve bohat haer
c¢) I can ride the roller coaster only if I am tall enough

) mde We ®ler ortber, Hew | amm tell &"‘WSL
d) A fruit is yellow if it is a banana

It 'k a beaane, Uen ok is DL“OO
e) I am in Paris only if I am in France

L Lan ia Panl W lacin Are~ct
f) Having a passport is necessary for travelling abroad.

1t | revel obroed Ueon | Yave o ?45@@"{'.

g) Coming first is sufficient for winning a medal.
W1 ot bk Nen 1 win e medal.

3. Rewrite the following true mathematical statements in the form If... Then ...

a) Any rectangle is a quadrilateral It e o recka Su/ Uew & o ?w,dh'(alreml

b) All triangles have 3 sides 1t ke ’/’\‘&/\gze Uew b hay 2 sides

I e an euven PV\'/V\Q "\\AV\—\L'L}-’ Uen (& 2

¢) The number 2 is the only even prime number

dx>10 if x > 100 It st>tw0 | en X > 1D
e) k2 <1 only if k<1 e Ltz e ke (cw,‘\':[‘c’tu‘f
f) p2<p is sufficient for p <l If P" ap Hen pe< ) ( CM::’I:%UE

g) k being an even number is necessary for & to be divisible by 4

1t ki divesble by 4, Hea L 1L an e vivennber
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Aeaseranp®

4. Are the following statements true or false?
a X>5 if x> 10 Trwe
: = ifa > then X>5
<(:‘wxv4/5&
b)  x<8 only if x<3 Fale  eq =5 fs bue
=
c) X is even if and only if (x+1)is odd Tewe
—
v’ X IO/\S iC\ 'S ’]ﬂ‘ e Tf"\L
d) ab=ac if and only if b=c frle. G=D bec = abzal
== =
so fabie
e) az<a if a<l Falbe a=-1
&
Mg & Convarie
f) a2<a only if a<l True C é@ ()
=
\ 1ap) . '
g) a2<a &Lc\'q <D if and only if -l<a<l fonif s 1¢ ‘S\POBC
occce\ o — G o= -=
= = “we Q 72
o felie
h) an even number is prime if and only if itis 2 True
& =
‘onl i€ IS e Tre
i) an odd number is prime <=if and onl_l_>if itis 3 Fie, oy 7 2 i odd prvme
so falbie
J) a triangle is equilateral if and only if all it angles are 60° Trwe
&= =
k) a triangle is isosceles if it is equilateral True
& (converee g Fake
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5. Complete the statements with one of the following:

——

% ¢ s 2 ¢ @ b % ¢ b b
‘neceéssary sufﬁé_?ent necessary and sufficient’ ‘not necessary and not sufficient
Y S NeS abF N o aoF S

a) having 2 legs is a N condition for being abird (kA = 2 M55>

b) being a robin is a S condition for being a bird ~ (cokin = b\"-c\>

c)  beingabirdisa _~N«S  condition for having feathers
R N Coallom)

d) having feathers isa _not N / no+S  condition for being able to fly
I ( penQuial @2 - F\IS /bal'_ﬁ do~'t hae ﬂmll.orj)

e) being an odd numberisa _ N condition for being a prime number greater than 10
orime > D = odd

f) being greater then 20 is a S condition for being a greater than 10
x>20 = >0

=1
x> FH X >20 ag X

g) being a stationary point is a N condition for being a maximum point
Mmex = sketio-as

skels o~en\ ﬁé T LT

2

h) x?=1 is N for x=1 -1 = x%=1
L=l =l equand
1) x? <5 is S for <10 x5 = JTe 0

j) x? <1 is NeS for -1<x<1
k) ab < ac is ok N o kS  for b<c sk N 2 =D, ¢c0
nor S 2:0) Q:—-l IG(O
1
1) J fx) =0 is N for f(x) to be an odd function
-1

odd (- —F(x) 3_'1 () = O & e

&' £ - 0 HQ wot odel > felse

m) —<1 is X>1 x = | 3-_—7-
y . X il oy -2 S feke
x-4,0 949 *23 _\é;a_t >0 NS
R N >0 X Lj oL n L
WAV
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How to answer: Is P sufficient for Q? In other words do we have If P then Q?
Look for a counter example - an instance where P is true but Q is not true

Or look for proof that P implies Q

How to answer: Is P necessary for Q? In other words do we have If Q then P?
Look for a counter example - an instance where Q is true but not P

Or look for proof that Q implies P

6. Consider the following pairs of statements.
For each pair, determine if P is sufficient and / or necessary for Q

a) P Having a son _ ﬂ\ . T Hoce b (or R
Q Being a parent could hove
C\A\ASL\"U’
b) P Being on the third floor T\\/ ’ ) o i y\ew&c_’l o R
Climbing the stairs to the third floor l/
could Fele
e kb A Floos

P Being tall
© cme U" P s nob suflictedr o "\U«ZS&@A (o5

Q Being successful

d) P An integer being an even prime number

jl D i swHicer oA recaster| lom R

An integer being the number 2

e) P A function being a cubic polynomial \J, T\ i suMcred [ R

Q A function having at least one real root
cw.c\naﬂ vm} ey L -axS

f) P An integer being divisible by 5 ﬂ‘/ Ux D i /\QCQ_SQC\I‘S [ &

An integer ending in a 5

g) P sinx = siny ﬂ‘/ U/X D i nees oy L R
r=Y @ Sin 207 Sn 150

h) P |x| <25 “ v ﬂx P i S\AﬁL'CN/-” (o ®
X #25 \Y QSJ .30
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The following list of statements are all logically equivalent to each other. In particular look at the final
three examples which introduce some negation or ‘not’ statements.

If an animal is a zebra, then it has stripes

All zebras have stripes

Any zebra has stripes

Being a zebra implies having stripes

An animal is a zebra only if it has stripes

An animal has stripes if it is a zebra

Being a zebra is a sufficient condition for an animal to have stripes
Having stripes is necessary for an animal to be a zebra

An animal with no stripes is not a zebra

Having no stripes is sufficient for not being a zebra

Not being a zebra is necessary for not having stripes

Converse and Contrapositive
The converse of a conditional statement swaps the hypothesis and conclusion but is not always true.
Consider the original statement: (*) If it is raining then I will wear a coat
The converse of this statement is: If I wear a coat, then it is raining
but this may not be true as I might wear a coat when it is cold but not raining.
However the original statement does tell me something when I am not wearing a coat. In this case it
can’t be raining, because if it was I would wear a coat which is a contradiction. Therefore I can say:
If I am not wearing a coat, then it is not raining.

This is called the contrapositive and is always logically equivalent to the original statement. It is
obtained by negating both hypothesis and conclusion and swapping them.

Other equivalent ways of expressing this contrapositive include:
Not wearing a coat is sufficient for it not to be raining
Not raining is necessary for me not to wear a coat
I will not wear a coat only if it is not raining

It is not raining if I am not wearing a coat
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7. Write the contrapositive of the following statements (be careful to identify the hypothesis and
conclusion before swapping them):

a) If I have enough money, I will go on holiday

£ 1 dont fo o bolidey e T dak bt enoug o2y
b) If you do not study, you will not do well in your exams

I- o clo well in Yo exarg, Hon mpu odid shudy
¢) Ben will not go to school only if he is sick

(= 10 slool = sick) 16 @on & wdk siek, ke il 2o o seleol

d) I will wear a hat if it is sunny

G l(l Sva\b)VLp\ L\,,}) TE | AO\A‘L— Lass - L\AL)VL&/\ (“"& nok SVMS

e) Renting a flat is sufficient to have somewhere to live

(= W Flet Hon \"VLS 6| do~t leve Sonevlere b e, Vor | 2 ot F&LKSO' Flet

f) Practising the piano is necessary to pass a piano exam

(=% pess, dom prclse)  |f | do~'k peeclice We plene, oo | oo~k pest e piao exam

8. Write the contrapositive of the following mathematical statements:

a) If a shape has 4 sides, it is a quadrilateral

& ok o 7v¢ulrk labesel , Vign, dogg ' have & ade

b) If an integer is not equal to 2, then it is not an even prime

IL AV PAM, H..e«x %qal o Z

¢) A number is even only if the square of the number is even !¢ sguee i< nob euen , Vit . bes "D"di{""‘
( = |t even ) Y9e~ sﬁm 'S ~€«Ib~3 % 16 Sf-)\ACrL S ’O(QC{) o A her 18D

d) f@>0if a>0
(b aso dan 5D It Flaygo fen @8O

e) a’ < a is a sufficient condition for a < 1

| e &% 2a
(1 atca Hen azl) Faxt

f) a® > 9 is a necessary condition for a > 3 It a*28 Hea a3

(':I(— a>2 VYhen 0\7'>a'3
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TMUA Style Multiple Choice Practice If/Only If = Necessary / Sufficient

= 0\413

Lok P
Q = ﬁ(a)4€&>

1. a and b are real numbers and f'is a function.
Given that exactly one of the following statements is true, which one is it?

A Ifa < b then f(a) < f(b) 16 P Hea R

B a < b onlyif f(a) < f(b) P ooy ik & = W F Hen R

@f(a) < f(b) issufficientfora <b @ ‘s suHX ok lor Pz IF R P

D f(a) < f(b)is necessary fora < b & & neleSery br P = O PHnR
2. a is a real number and f'is a function.

Given that exactly one of the following statements is true, which one is it?

P o}
A Ifa > 0 then f(a) >0 ¢ P orhen R
B a >0 onlyif f(a) >0 P oo\ kR = (L P e~ R

C a > Ois sufficient for f(@) >0 ©? subthctet (o R = \& P e ®

@ a > 0 is necessary for f(a) >0 © Nwasggi bor & = & @ He T
3. a is a real number and f'is a function.
Given that exactly one of the following statements is true, which one is it?
P Q
@Iff(a)>0then la| < 1 e P Hea & i
B fla)>0if |a| <1 P t@ = cc@vu/\m -
. ((— Q S
C |a| <1lonlyif f(a)>0 ) OAS‘C_F R
D |a] < 1 is sufficient for f(a) > 0 Q swilocet = F = ¢ R Ye- r
P: even prine R: x=12
4. Given that exactly one of the following statements is true, which one is it?

2 b ok P e Q= IM

x is not an even prime only if x =2 ok £ only € a

if x is an even prime, then x # 2 P Hen nol R
nolf R S\AL‘L‘QM.AP for ? = ié wol & VL&N I

x # 2 is sufficient for x to be an even prime
= \'(— P VLQA AOL-Q

x # 2 is necessary for x to be an even prime "ok & "essesy bor €

L owok P Y R

€ o Hew ot ©

xisnotanevenprimeonly ifx #2 | o o it aok R = wobT e~ nok &
‘S = it Q Han P

x =2 if and only if x is not an even prime

(Pwoaows
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. . . . : £ 0O
5. f'is a function and « is a real number. P.acO SERLON

Given that exactly one of the following statements is true, which one is it?

. . P e~ ®
A a<Oonlyiff(a) <0 PoW& & * =22 £ @ He P
fl@>0ifa>0 ok @ il ok ® 1€ ol P Vo AR 1t

. Lot s : P Hen R
C f(a) > 0 is sufficient for a > 0 o ® subliowt G nok § ¢ ook R Vhon ok ¥ #T R
D f(a) <0isnecessary for a <0 & necessen lr ;£ PR
LR P en ®
E Iff(a)>0 then a >0 :cfnvk&wa“?——M
. n [ 'P Q
F a > 0iff(a) >0 ok ? i€ aok @ 1 i stk @ Hannoke €z b P e R
6. fis a function and a, b are real numbers. P =a Lo
Given that exactly one of the following statements is true, which one is it? nok- & =>70
L C) 5 E) Han azb A
A f@) > f(b)ifandonlyifa>b ¢ g5k Wen £0) 5 FQ) qum&h}
B f@2f(®) onlyifa<b (F ({a) s F(b) Her aclh T g
C  fla)< fb)ifa>b I ash Uer Fla) < b
D  a>biff(a)>fb) I CG) 2 @@ Hen a>h D—
®  a<bonlyiff(@ > f®) € ach  Hen 063 EE) | ontapelie
F a<bonlyiff(@<fb) 16aclk Hen EhL)cEd)
AD 2w aloc}
2,C D F  con h‘%osl‘L\/L
Let x be a real number.
7. Which one of the statements below is a necessary condition for all of the other four statements? D
8. Which one of the statements below is a sufficient condition for all of the other four statements? E
A x2 <2 = D
x=-1 =2 ACDE
c =1 > ADE
D x?<2 = X

o Ve du"asfc.vv‘
I Some Uy 8 2 e

widdle citle (g)
Honm ks ude all e oher erecles
o g sblciet G CEAD
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Let x be a real number.

9. Which one of the statements below is a sufficient condition for all of the other four statements? ¢
10. Which one of the statements below is a necessary condition for all of the other four statements? ®
x=4o0orx=9 = 8D, ¢
B) x>0 = X
@ x=4 = f, 8 D, E
D X 1s a positive integer = 6
E x is a positive square number => B, D

Let x be a real number. Which one of the statements below...

11. ... 1s a sufficient condition for exactly 3 of the other four statements? B
12. ... is a necessary condition for exactly 3 of the other four statements? £

A x> <1 = C, E
0<x<1 = ARCE
C x <1 > £
D x=1 = X
E x #1 = X
13. Consider the four options below about a particular statement (*):

1 1 1% ke
The statement (¥*) is true if x> < 1 16 2 2| Hen Shkalenal is heue

The statement (*) is true if and only if x> < 1 => %+ A bwe X A also
The statement (*) is true if x2 <4 Wb a*cu Yen shelenet &8 e e (%)

The statement (*) is true if and only if x2 < 4 => D ¢ hue X

o 0 =@

Given that exactly one of these options is correct, which one is it?

: . U shabemmet 8 b
@ c: IF v\sfc\-; A s hwe as O is ewnclosed k\))
A b s O Hun Srabimed 8 bt

éamabwt.},,,mcc w
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14.  Which of the following is a necessary and sufficient condition for y=sin (% )

J:ﬂsm<§>dx =0 \/\N\/{\?\_/

e S:}A‘L O Hea k nvustde e
A«M1L9& of 1+

16k is wolkgle of 4 Hean J’ 44e:0

k = 2 X
k=4 sublcok, aok vecatery (g b €)
k is a positive integer X

A

B

C

D kis a multiple of 2 X
@ k 1s a multiple of 4

15.  Which of the following is a sufficient but not necessary condition for
dilto~ N kxm T T+ et
e 260S<T>=0 @Rt W T
7 k=1

:[;+o+( ) (- - C > oqﬁﬁl

A n=2 X
B n=4 X
C n is 3 more than a multiple of 4 % sumzo lor n=3 €10
@ n is 3 more than a multiple of 8~ soFletet | ok necelten
E n is an even integer X

F

n is an odd integer  x

16.  Which of the following is a necessary but not sufficient condition for the curve
‘7 y = x%(x — k) to have a local minimum pointat  x = gk
(
Hren k>0 - 3 _ sz
v 4 ) / 3 X
" -0 az=2})
k>0 N /}\‘/211 3
C k<0 x y o
<o At =2k
ﬂk 3
D k<0 x (!'\ n_ 9y ., mex ke ELD
E k = S NI nin Dle ED>O
K|
F ——1 « o k>0 mewsey bkt
F & Hote~
¥ >0 netelen bot no \Zow_k:o
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Quantifiers

The words “all’, ‘some, ‘none’ are examples of quantifiers. These tell us how many instances satisfy the
statement, and a statement containing one or more of these words is called a quantified statement.

In English there are many ways to write these statements:
All:  All/ Every/ Each/Any /If
All even numbers are divisible by 2
For all even numbers x, x is divisible by 2
For each/every even number x, x is divisible by 2

If x is an even number, then x is divisible by 2

Some: Some / At least one / There exists
Some even numbers are prime
For some even number x, x is prime
There exists an even number x, such that x is prime

There is at least one even number x, for which x is prime

None: No / Not any / There does not exist / There are no
No real square numbers are negative
There are not any real square numbers that are negative
There does not exist a real square number x for which x is negative

There is no real square number x such that x is negative

Consider the order of quantifiers:
When the same type of quantifier is used, the order does not matter:
For all odd numbers x and all even numbers y the sum of x and y is odd

For all even numbers y and all odd numbers x the sum of x and y is odd

However, with different quantifiers, the order changes the meaning of the statement:
For all positive real x, there exists a real y such that y> = x

This is TRUE as we can choose any positive value for x and find a value of y that makes the equation
true by calculating y = \/; .

There exists a real y, such that for all positive real x, y> = x

However this is FALSE as there is not a single value of y that makes the equation true; the value of y
that we need changes with our choice of x.
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1. Are the following quantified statements true or false?

a) For all odd integers x, the quantity x> + 6x + 9 is even True

|
d t event 'Dc(f{ = Quo~

b) There exists an even integer y, such that the quantity y — 8 is prime Tane

NN W= 10 3—g¢?. N

¢) For all prime integers x, the quantity x> 4+ x + 11 is prime fale

Dhe~ =) e = n(ln l-rlB

ot pAne
d) For all positive real values of x, we have x> > x Folse
| 2 | Z !
s = A =—- = =

Phon =3 ! 2

e) For any integers a, b, and ¢, if a divides bc, then a divides b or a divides ¢ fole

131«\&/\ a:b b’—q C’-’;g

f) For all real x, o Folle Dlen x=0
X
(erckenok e F :r.:éo)

g) Forall x > 0, there exists y such that x +y = 0 Tue
Ack 3 = =2
h) There exists a real value of y such thatx +y =0 forallx > 0 Felie

nNeed b clooe diflezt 1 tos ezl clovee of X

i) There is no real x, such that x> =3 Falie

clooge o =12

j) There exists areal x and areal y such thatx <y True

c\locre RN Pa\'r LS = | ‘3:7—

k) For all real x there exists a real y such that xy = 1 alie

blo~ =D Yere & o valve ol 3

1
Mg shekonet & hue (om xz0 * cloog y° 3
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Negation (denial not opposite)

The negation of a statement is achieved by placing ‘not’ in front of the statement. In reality there are
often multiple ways of phrasing this in English. Be careful not to infer too much from a negation, for
example ‘not hot” does not mean cold - it just means not hot (eg it could be warm).

If our original statement is True, then the negation will be False and vice versa.

Statement Negation
He is a doctor Not ‘He is a doctor’ = He is not a doctor
She is tall Not ‘She is tall’ = She is not tall (She is short would be incorrect)

1. Tam hungry T gae ok L\MS—S

2. They do their homework T ey don'lt do Ugic hovreroprt
3. It is not raining TE % MRdning

4. The melon is not ripe T nelon v cipl

To negate (4 and B) weuse not (A and B) which is the same as not A or not B

I have blue eyes and blond hair Either I do not have blue eyes or I do not have blond hair
(or I do not have either)

9]

My socks are blue and stripy ~ &\MLer nok ®ue or ok S]""‘f’\s
o <ok bQS\ée}'lla\u

a

I play hockey and basketball Do\ \9\6> wolll - eiWler aok hee kg

. \ v ] L D{I/L (4N
7. 1had lunch with Bill and Ben et have luack W hou«/ N dednt have lunc

8. Neither my brother nor sister will help me €\ s ~y brolo” o7 M\ gisher il )‘L\? e

To negate (4 or B) weuse not (A or B) which is the same as not A and not B / neither A nor B

I study English or German I do not study English and I do not study German

9. Jan drinks tea or coffee T doesn'k A Yea ol cdoadh Al colee
10. The man is called Jim or John nor called Jan s caled Jola
11. The children eat apples or bananas 7, li\dren eot eVl aPpUL nor Be~anas

12. It is not hot and not sunny TE ig kok ©oC SUAny

Note how the words ‘and’ & ‘or’ swap when we negate a statement
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To negate (for all A, then B) we use not (for all A, then B) which is the same as
not every A implies B / there exists A such that not B

Statement Negation

Everyone like pizza Not everyone likes pizza /
At least one person doesn’t like pizza /
Some people don’t like pizza /
There exists someone who doesn’t like pizza

13. All vegetarians eat carrots Sovne \/.Qf)o.lnét/\‘ o~ don'l c2l cormkg
14. My teacher is always right -/\45 ooclor & Som~e Lingg OO~
15.  All dogs bark Sone ckogg don'v besk

16.  Not every integer is odd All ,'x\t-a_%e)’_g are odd\

To negate (there exists A such that B) weuse not (there exists A such that B) which is the same as
there is no A such that B / for all A, not B

There is a prime number less than 2 There are no prime numbers less than 2
All prime numbers are greater than or equal to 2
17.  Some boys like football No lsous Wke Fookhal / All &55 dotk ke Gotball

18. At least one square number is less than 3 No squee nwnbess are L& Uhan R

19.  There exist some birds who can not fly AL Birdt ca~ ElN
20.  There are no prime numbers that are even Ak 1248F ore gt Al i 2w
(e Shekemet) (Tew¢ Strolena-t

To negate (if 4, then B) weuse not (if A, then B) which is the same as if 4, then not B/ A and not B

If the sun shines, I will wear a hat If the sun shines, I will not wear a hat

21. If it is raining I will take an umbrella | ;\ g Fading | ook fale o— wunbrella
22.  Iwill receive a gold medal if I win 1| 0in, | sesb eede o 30\& neda |

23.  Ifa <b then f(a) < f(b) 1 a<h Hea F) 3 FG)

24, f(@)>0ifa>0 L oa>o Hea f) <O

(= it a>o van 9{6\)50)

Note how the words ‘for all’ & ‘there exists’ swap when we negate a statement
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Negation of ‘Nested’ statements

A Consider the statement: ~ The class can complete their homework online, if for every
student in the class, the student has online access

The negation is: A class can not complete their homework online, if there is at least one
student who does not have online access.

Replace parts of this statements as follows: P = class can complete homework online
Q = student in the class
R = student has online access

Then the statement becomes: P is true if for every Q, there exists R

The negation of this is: P is not true if there exists Q such that not R

B Consider the statement:  The class can complete their homework online, if for every
student in the class, the student has a friend who has online access

The negation is: A class can not complete their homework online if there exists a student
in the class, all of whose friends do net have online access.

Replace parts of this statements as follows: P = class can complete homework online
Q = student in the class
R = student has a friend
S = friend has online access

Then the statement becomes: P is true if for every Q, there exists ‘R such that S’

The negation of this is: P is not true if there exists Q such that not ‘there exists R such that S’
or: P is not true if there exists Q such that ‘for all R not S’
Write the negation of the following nested statements: R c
—\ ' ‘

1) A set of integers P is the set of even numbers if and only if for any integer n in P, ) is also an integer.

P b Uee extds S SMLL\/LL[’ ol C L
DL evev~ num‘o@'& \'C VL.Q/‘L QK\‘SB a— ;V\\f-L SU A VA P ol LL\D_
2 s okl a~ 3/\‘(13_2)’
A

nok

P ~ob s2b

2) A set of integers P is the set of square numbers if and only if for any integer n in P, there exists an

. -
integer k such that k> = n 2
—
S

'P ((‘ﬁ é)F Qn\v) 6 M_.b( Q&l‘(h C suwell W | D
Ak P ol e exisks B sucl ek ok fexiuky € oswcl Mk »
© al\ C, r\Dl‘ D

P ok SQ\’ ol Sﬁqw-q_ AunbersS b Uee exisW o h»L—L_%ZI‘ ~ i~ P sl Wb
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Counter Examples

A counter example is one example which disproves a statement. It proves a statement is not true.

1) Find a counter example to the following statements:

a) All quadrilaterals with equal side length are squares Qonbus

b) The square root of a number is always less than the number E = é

c) If a three-dimensional solid has a circular base, then it is a cylinder Cone

d) If n is an integer and n? is divisible by 4, then # is divisible by 4 n=4

e) If p is an odd prime then p+2 is also an odd prime p="7

f) The sum of 2 numbers is always greater than both numbers (-2)+ (- 6)

g) 10k 4 1 is prime if & is an odd prime =13 (Y« | =ql=7x\3
h) For all real x, 5x > 4x any X < ()

1) For all real x, /1 — sin’x = cosx ~=-8 (= -\\

2) Aset of five signs has a letter printed on the left and a number printed on the right
A8 B4 Cl D7 E3

Which sign(s) provide a counterexample to the following statements:

a) Every card that has a vowel on the left has an even number on the right N
b) Every card that has an even number on the right has a vowel on the left. Rk
c) Every card that has a consonant on the left has a prime number on the right Ru cl

d) Every card that has a prime number on the right has a vowel on the left D7

3) How many counter examples are there to the following statements:

a) All odd numbers between 2 and 20 are prime. 2§ 7 @ TORES @ IR
ya Cou«\\fo’é.)caw\Plz_S (ockd (S Pv\‘me,\

b) If n is a prime integer less than or equal to 10, then n? + 2 is also prime
n = Z 3 S 7

S ORI

c) A whole number n less than or equal to 50, is prime if it is 1 less or 5 less than a multiple of 6

e oc Sles @ ()s 7 w3 g 23 (B) 24 2 £ 37 4luz w7 D)

Ly counkuexample (Ve o Slecs | ok ?r\‘max

3 CDUAPUQ—KGMPU.S (‘\ ?"'\”\—L < 'O, n*+2 wol .pﬁm(_>
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4) Prove the following statements, or find a counter example to disprove them:

a)

b)

d)

g)

h)

)

k)

For all real x, 3x < 3*

Falj&/: '\—-)LQ‘/\\:L:‘ 343 & Aok Frue
Forallrealx, if ax =bx thena = b

If a positive integer p has remainder 1 when divided by 3, then p? also has remainder 1 when

divided by 3
tvided by o=, 7 .. ob= 1,84 3uT
Toas o= Zntl R Znt |

3 (s 2 ) *
For all integers p and ¢, if p < ¢ , then p? < ¢?

Colse - F:‘S'i: '

For all integers n, 9n® 4+ 24n is not prime

G2 2 = 8274 8)  hes facls & b alln

e - -
lewe
If a positive integer p is prime, then 2p + 1 is also prime
- 3 7 —
ol © P2 2 70° P=7
Ze:\.[ = S 7 U

For consecutive even integers p and g, p> — ¢° is a multiple of 8
- Z k"' 2. = 2 L
s . P K
we 3% X - - 27<=¥
” ps- g3 Ay - T whilisa mulliple ok

For all integers n, if n is prime, then (—1)" = — 1

F&.L&@ . n=19 (_\\1 = k

4" 4 3772 1 3 is divisible by 5 for all integers 1 > 2

- X (]4&1/ i 1'1’
L+l v n=u 258 +T+3 ,m;o%rg

c . n=172
Felse ne s 2v: v

If p and ¢ are irrational, such that p # g, then p + g is irrational
_ - AN
Colse ?:+r2 ‘L-—r?- ?*’1—0 Ghond

If p is rational and q is irrational, then log,q is irrational

- l 7‘ = l S‘G\.L‘
folse P 2 ‘1: \E MDSLE A {DSZ A ol

Proof and Logic v4 Tyler Tutoring



Logic

On an island people either always tell the truth or always tell lies. Identify the truth-tellers or liars in the
following situations.

1. You are approached by 2 people, A and B.

a) A says “we both always tell lies”
1L A hule = bolle kel Ly X conleadicLon
A lLiar = ~ol b’DW e\ el => £ )’Y“LAUL\ e

b) A points to B and says “he is a liar” and B says “neither of us are liars”

1 Al = &g lar = ok lead o lier ~~

]ﬂ A Lar = g h\/\w/\ = no e & X CDA'\S'LL({H‘_L“D/\
c) A says “we are both telling the truth” and B replies “he is lying”.

e A Ve = 8 bl = A tam % co~eedic Lo~

A liem = abk legh o e
L R ker = A M\A.. X Cp/\)—l\LC{CCL'O/'\ (= &M\/{\ = & lves e

d) A says “at least one of us is lying”
It A vl = & liar v
1t A liar = n© et  *x co~hzdic [ o~

e) A says “exactly one of us is lying”, and B replies “actually we’re both lying”
& A m\/],\ = B lar = ak leash oe WU
War vwo Wrest oc boUle licsl = boUl lrars
but & llar = ar loach o~e \—nAVL\

% codeadiclion

I A ke = ol

2. You are approached by 3 people, C, D and E.
Csays “Disaliar”. Dsays “Eisaliar”. E says “C and D are both liars”.
16 ¢ ol = D tar = £ x co~lpdiclion

e ¢ ler = Diwh = £ ler S

3. You are approached by 2 people, F and G.

F says “Either [ am a liar or G is a truth-teller” (o< kolL\
€ F e = Q&
£ £ lar => £is nob o lies ead G is nob a bl kel
x co-~lediclo~

4. You are approached by a group of 4 people, H, J, K, and L.
J says “Kis a liar”. K says “L is a truth-teller”.

L says “J never tells the truth”. H says “K is a liar and [ am a liar”.

= i = N => \T\'Y'u\l/l/« H lesr X Coﬁ)-rél{“t["&/‘
W 7 e = Kliesr = L es e < AR

it d e = Lk = Ll = Tles  H Al < combrediclan

U o ar
oL H \Y\AVL - wfx).r‘ac('“cﬁ\o—\

= . ~
- - Holer = K bl = L bl = T ler |
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Errors in Proofs

Common errors to look out for include dividing by zero; only taking the positive square root; arithmetic
or algebraic errors; incorrect manipulation of minus signs; minus signs in inequalities; decreasing
functions in inequalities; finding all trig solutions; invalid conclusions.

1. Find the error(s) in the following attempted solutions: Leeb e
\
(_i'\\ w*—*{t ,.,.ulh%\_l
4x + 1 o7 LN
a) 2logyx — log3\/)—c =5 b) 1 <3 & = S &
- wxack —2_2
" \a2 X ro—
we & & @0g3$ =5 4x +1<3(x—1) corcect exgps
4x +1<3x -1
2logy/x =5
x< =2
logzx =5
' eck S
w‘n\,c:/ixof- lo x=5 =3
L2 2 bl X x—1
c) 4sin“x = 3tan‘x _ "‘bu)\,_&\u'ﬁ . d) 1 _ . —
. _ <
2sinx \/gtanx We 84 X+ =+ Da—1)
2sinx z\/gsinx O+ Dex+2)
O e b St Xx+2) -G+ Dx—1)=0 2t
ek oS - — D=0 corcet’
Dcosx = \/g Z]i:& V\é Qol\/\.\zx\o"’ \,\ce,(?&\/&m
O W =0 X2 4 2x — x2® =0
3 2x =1
Cosx = — o~ =
2 ork A2 L/b? 1
x== aa\wBP’i’u(% =7
3 ~olne %‘\M“’\
e) Given 0<x< % find the range of values for cosx
1
—n—"
x>0 X Sg O sx= 2 ":;
7 é— L o X £ l
cosx >0 cosx < COSE
nNo —| & cxx < |

|~

1
cosx@a 0<cosx <

No ey cose 1\ &

C{_Qcyg gg,’l:g C\AV\C L o~

Ocex ¢ T
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Find the error(s) in the following proofs and circle the line numbers where these occur:

2) Let x =1

multiply by x x?=x D

subtract 1 x-1=x-1 (IT)

factorise x+DHx-1DH=x-1 (I11)

divide by (x — 1) x41=1 D, divicizg by x-1=0
substitute x = 1 2=1 V)

3) Let a, b be two numbers where a # b andleta + b = 2c

multiply by (a — b) a’>—b? =2ac —2bc D
add b + ¢? — 2ac a’>—2ac +c? = b*>—-2bc + c? (IT)
factorise (a—c)Y=({-c)? (I11)
feve t r
take the square root a—c=b-c a-c = ~b+c @
0\4—1; = 20
SO a=>b V)
4) Consider the attempt at solving the following equation

sinA+1=2-cos’B

rearrange sin’A =1—cos’B 1))
substitute for cos’B sin’A = sin’B (IT)
take the square root sinA = sinB (I11) Feke X r
inverse sine both sides A=B @
or A=T- & e
A= 2m B

5) Given that N = k> — 1 and k = 27 — 1 where p is an integer, show that 27*! is a factor of N

Consider op+l(or=1 _ 1) @

expand =22 _ op+l 1))
use law of indices =22 —2(2P) (I1I)
complete the square =2r -1 -1 (Iv)
substitute for & =k*-1 V)
substitute for N =N (VD

Therefore 2°*! is a factor of N

L iy e ?rooﬁ of Ue coveise 16 M i abetls of UL
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TMUA Proof and Logic Summary using Venn Diagrams

Definitions
and A and B means 4 and B together (A N B)
For 4 and B to be true, both 4 and B must be true

>
-]

S

[+

or A or B means A4 or B or both (A U B)

For A4 or B to be true, either A or B or both must be true

=

negation = not

not (4 and B) = not 4 or not B

>
]

&

not (blue eyed and blonde) = not blue-eyed or not blond
so could be one or the other but not both

not (4 or B) = not 4 and not B

>
@

S

not (blue eyed or blonde) = not blue-eyed and not blond
so does not have either characteristic

if, then
if A then B means if 4 is true, then B must be true  (But if 4 is not true, then B could be true or false)

We can also write this in the following ways:

A implies B A = B A
BifA A only if B @

B is necessary for A A 1s sufficient for B

The converse statement (swapping statements) is

‘if Bthen A’ but these are not always equivalent
The contrapositive statement (swapping and negating both statements) is

‘if not B then not A’ and this is an equivalent statement to the original.
The negation of the statement is

‘if A then not B’ or ‘A and not B’

if and only if

A if and only if B. We can also write this in the following ways:

A implies B and B implies A4 A < B ‘.’
A if B and A only if B Aift B
A is sufficient and necessary for B

Proof and Logic v4 Tyler Tutoring



