
Proof and Logic v4 Tyler Tutoring

Paper 2 of the TMUA tests the candidate’s ability to think mathematically, and their ability to understand, and 
construct, mathematical arguments in a variety of contexts. Questions may draw on any mathematical knowledge 
from Section 1 (the eight topic areas MM1 to MM8 plus the seven ‘GCSE’ topics M1 to M7) . However the 
majority of questions will be phrased in terms of logical arguments or proofs.  
The specification introduces a number of key terms and their mathematical definitions, which may be unfamiliar 
to A Level students. It is crucial to understand these terms, and be able to use them to analyse or construct proofs.  
The worksheet I have developed introduces all these concepts and provides examples and practice questions so 
that students can become familiar with the terminology and how it is used.   
There is also a PDF, ‘Notes on Logic and Proof’, published by Cambridge Assessment Admissions Testing. This 
also covers the key material but it is 65 pages long and with no solutions, so many students do not find it quite as 
helpful to start with. But it is certainly helpful to read through it once you have grasped the basics.

Section 2 Proof and Logic

The Logic of Arguments 
Arg 1 Understand and be able to use mathematical logic in simple situations:  

- The terms true and false;  
- The terms and, or (meaning inclusive or), not;  
- Statements of the form:  if A then B 

    A if B 
    A only if B 
    A if and only if B  

- The converse of a statement;  
- The contrapositive of a statement;  
- The relationship between the truth of a statement and its converse and its contrapositive.  

Note: candidates will not be expected to recognise or use symbolic notation for any of these terms, nor will they 
be expected to complete formal truth tables.  
Arg2   Understand and use the terms necessary and sufficient.  
Arg3   Understand and use the terms for all, for some (meaning for at least one), and there exists.  
Arg4   Be able to negate statements that use any of the above terms.  

Mathematical Proof  
Prf1   Follow a proof of the following types, and in simple cases know how to construct such a proof:  

- Direct deductive proof (‘Since A, therefore B, … , therefore Z, which is what we wanted to prove.’);  
- Proof by cases (for example, by considering even and odd cases separately);  
- Proof by contradiction;  
- Disproof by counterexample.  

Prf2   Deduce implications from given statements.  
Prf3   Make conjectures based on small cases, and then justify these conjectures.  
Prf4   Rearrange a sequence of statements into the correct order to give a proof for a statement.  
Prf5   Problems requiring a sophisticated chain of reasoning to solve.  

Identifying Errors in Proofs  
Err1   Identifying errors in purported proofs.  
Err2   Be aware of common mathematical errors in purported proofs; for example, claiming 
‘if 𝑎𝑏 = 𝑎𝑐, then 𝑏 = 𝑐’ or assuming ‘if sin𝐴 = sin𝐵, then 𝐴 = 𝐵’ neither of which are valid deductions.

Specification for TMUA
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The Logic of Arguments 

Statements  

A statement is a sentence which is definitely true or definitely false - it can never be both. 

In the TMUA we may need to consider the following types of statement: 
- statements that are obviously true or obviously false  

 eg “5 is a prime number”  or  “5 is greater than 6” 
- statements that need some work to decide if they are true or not 

 eg “4583641 is a prime number”   
- statements that may be true for certain values 

 eg “the square of an integer x is odd”     would be a true statement for all odd values of x 

Conditional Statements 

We can combine statements together to form conditional statements, sometimes known as if/then 
statements, where ‘if’ gives the hypothesis, and ‘then’ gives the conclusion. 

If an integer is odd, then the square of the integer is odd  (this is true) 

 the hypothesis is “an integer is odd” / the conclusion is “the square of the integer is odd” 

If an integer is prime, then it is an odd number  (this is false) 

 the hypothesis is “an integer is prime” / the conclusion is “it is an odd number” 

Implication of ‘If’ statements 

The most important thing to remember is that conditional statements tell us what happens if the 
hypothesis is true, but they don’t tell us anything about what happens if the hypothesis is false. 

Example: If it is raining then I will wear a coat   

This tells me that if it rains, I will wear a coat, but if it is not raining I can not draw any conclusion - I 
might or might not wear a coat in this situation. 

Be very careful not to infer too much information from a conditional statement.  
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Logic of Arguments 

1a. Consider the following statement: “If it is my birthday, I will eat some cake” 

What conclusion can I draw from each of the following statements: 

i) It is my birthday 

ii) It is not my birthday 

iii) I eat some cake 

iv) I do not eat some cake 

1b. Consider the following statement: “If it rains the ground will get wet” 

What conclusion can I draw from each of the following statements: 

i) The ground is wet 

ii) The ground is not wet 

iii) It is raining 

iv) It is not raining 

1c. Consider the following statement: “If I am in Paris, then I am in France” 

What conclusion can I draw from each of the following statements: 

i) I am in Paris 

ii) I am in France 

iii) I am in London 

iv) I am at the Eiffel Tower 

1d. Consider the following statement: “If a shape is a square, then it is a quadrilateral” 

What conclusion can I draw from each of the following statements: 

i) The shape is a square 

ii) The shape is a quadrilateral 

iii) The shape is not a quadrilateral  

iv) The shape is a rhombus

birthday cake

I will eatcake
no conclusion mighteatcake mightnot
no conclusion mighteatcakeongthag.snnEI be

hisIgbiddy Iwouldeat ale

rain wet

Noconclusion might bewet from rain or
from a sprinkler

It has not beenraining
Theground will getwet

No conclusion groundmightbe wet or dry

I Ionians I might be in Paris or in hille
I amnot in france I amnot in Pan's

I am in Paris I am in france

it is a quadrilateral
no conclusion might be a square or a parallelogram

it is not asquare
it is not a square
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There are different ways to write a conditional statement which are all logically equivalent, as follows: 

(*) If it is raining then I will wear a coat 

 a) I will wear a coat if it is raining    

 b) It is raining only if I wear a coat  

 c) Wearing a coat is necessary when it is raining. 

 d) Rain is sufficient for me to wear a coat 

(*) The original statement has hypothesis “It is raining” and conclusion “I will wear a coat” 
 Let’s use the shorthand If Rain then Coat 

Look at the equivalent cases a) to d) above, noting the relative position of the hypothesis and 
conclusion, and how the meaning of each case stays the same. 

Note that I can not draw any conclusion from the hypothesis “If I wear a coat” as the original statement 
doesn't tell me anything about this situation. 

Let’s consider each case in turn:  

a) In this case the whole ‘if hypothesis’ is switched to the end of the statement and the conclusion  
 is given at the start, which gives us   Coat if Rain  
 This is obviously a logically equivalent statement. 

b) In this case the word if in front of the hypothesis in (*) has been removed and replaced with the  
 words only if in front of of the conclusion, which gives us   Rain only if Coat 
 So the only way it can be raining is if I am wearing a coat. 

 (This is often the case that people struggle with the most. It does not tell me anything about  
 what is true if I am wearing a coat. Instead it is setting out what must be true in order for it to be  
 raining - ie I must be wearing a coat. Or the only way it can be raining is if I am wearing a coat.) 

c) The word if from case a) is replaced with is necessary, giving   Coat necessary for Rain 
 In other words wearing a coat is necessary when it is raining 

d) The words only if from case b) are replaced with is sufficient giving      Rain sufficient for Coat 
 So if it is raining, that is a sufficient reason for me to wear a coat. 
  

These cases illustrate that you can swap if / only if to reverse the hypothesis and conclusion in a 
conditional statement, for example 

   A if B  = B only if A    (A=Coat / B=Rain) 

Similarly with necessary / sufficient 

   A is necessary for B  = B is sufficient for A  

Necessary  If A is necessary for B, then B can’t happen without A, so we have ‘if B then A’. 

Sufficient If B is sufficient for A, then A must happen if B happens, so we have ‘if B then A’.
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It is often useful to rewrite statements in the form “if hypothesis then conclusion”, so it is easier to 
compare which ones have the same meaning. 

2. Rewrite the following true statements in the form If… Then … 

  a)  The ground gets wet when it rains 

 b)  All mammals have hair 

 c)  I can ride the roller coaster only if I am tall enough 

 d)  A fruit is yellow if it is a banana 

 e)  I am in Paris only if I am in France 

 f)  Having a passport is necessary for travelling abroad. 

 g)  Coming first is sufficient for winning a medal. 

3. Rewrite the following true mathematical statements in the form If… Then … 

 a)  Any rectangle is a quadrilateral 

 b)  All triangles have 3 sides 

 c)  The number 2 is the only even prime number 

 d)    if   

 e)   only if    

 f)    is sufficient for  

 g)  k being an even number is necessary for k to be divisible by 4

x > 10 x > 100

k2 < 1 k < 1

p2 < p p < 1

If it rains thenthegroundgetswet

If it is a mammal then it hashair

If I ridethe rollercoaster then I am tallenough

If its a banana then it is yellow

If I'm in Paris thenI'min France

if I travelabroad then Ihave a passport

If I comefirst then I win a medal

If its a rectangle then its a quadrilateral

If its a Liangle then it has 3 sides

is ienPitieEIneiEser
If 01 100 then x 10

If k al then Kal 1015ft

if p cp then pal 1011ft

if k is divisibleby4 thenk is an evennumber
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4. Are the following statements true or false? 

a)      x > 5      if        x > 10    

b) x < 8      only if    x < 3    

c) x is even   if and only if  (x + 1) is odd   

d) ab = ac    if and only if  b = c    

e) a2 < a    if   a < 1    

f) a2 < a    only if   a < 1    

g) a2 < a    if and only if  -1 < a < 1   

h) an even number is prime if and only if  it is 2    

i) an odd number is prime if and only if  it is 3    

j) a triangle is equilateral if and only if  all it angles are 60°  

k) a triangle is isosceles   if   it is equilateral  

End
counterexample

175510 then 5

False eg x 5 ie

True

Iii Ii Iiac
so False

False a 2

True Thisispeconverse

onsite's hiii
True

iii is Is
so False

True

True
converse is false
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5. Complete the statements with one of the following: 

 ‘necessary’  ‘sufficient’  ‘necessary and sufficient’ ‘not necessary and not sufficient’ 

a) having 2 legs is a       condition for being a bird 

b) being a robin is a      condition for being a bird 

c) being a bird is a      condition for having feathers 

d) having feathers is a       condition for being able to fly 

e) being an odd number is a      condition for being a prime number greater than 10 

f) being greater then 20 is a       condition for being a greater than 10 

g) being a stationary point is a       condition for being a maximum point 

h)     is        for     

i)    is        for    

j)    is        for    

k)   is        for    

l)   is        for    to be an odd function 

m)    is        for   

x2 = 1 x = 1

x2 < 5 x2 < 10

x2 < 1 −1 < x < 1

ab < ac b < c

∫
1

−1
f (x) = 0 f (x)

x
y

< 1 y
x

> 1

Is it as

N bird 2legs

S robin bird

Nes
onlybirdshavefeathersand allbirdshave

feathers

not Nnots
penguinscan'tflybatsdon'thave

feathers

N
prime to odd

S

3 22 assets
N

TEE EF.im

IE iesa n
S

es.es
Nes

notNenots not N eg 9 0 CCO

not S eg 9 1 aco

N
odd thill flial J tail 0 true

1 fail 0 of notodd felle

N

5m
2 false

F

EXE c 3 it
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How to answer: Is P sufficient for Q?  In other words do we have If P then Q? 

Look for a counter example - an instance where P is true but Q is not true 

Or look for proof that P implies Q 

How to answer:  Is P necessary for Q?  In other words do we have If Q then P? 

Look for a counter example - an instance where Q is true but not P 

Or look for proof that Q implies P 

6. Consider the following pairs of statements.  
For each pair, determine if P is sufficient and / or necessary for Q 

a)  P Having a son 

 Q Being a parent 

b) P Being on the third floor 

 Q Climbing the stairs to the third floor 

c) P Being tall 

 Q Being successful 

d) P An integer being an even prime number 

 Q An integer being the number 2 

e) P A function being a cubic polynomial 

 Q A function having at least one real root 

f) P An integer being divisible by 5 

 Q An integer ending in a 5 

g) P  

 Q  

h) P  

 Q  

sin x = siny
x = y

|x | < 25
x ≠ 25

P is sufficient for Q

IEEE
P is necessary for Q

Ifitkoor
P is notsufficient or necessary for Q

P issufficientandnecessary for Q

P issufficient for Q
Fifteen

crossesonaxis

Mrµs
P is necessaryfor Q

eglin30 sin is
P is necessary her a

115 so
P is sufficient for Q
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The following list of statements are all logically equivalent to each other. In particular look at the final 
three examples which introduce some negation or ‘not’ statements. 

 If an animal is a zebra, then it has stripes 

 All zebras have stripes 

 Any zebra has stripes 

 Being a zebra implies having stripes 

 An animal is a zebra only if it has stripes 

 An animal has stripes if it is a zebra 

 Being a zebra is a sufficient condition for an animal to have stripes 

 Having stripes is necessary for an animal to be a zebra 

 An animal with no stripes is not a zebra 

 Having no stripes is sufficient for not being a zebra 

 Not being a zebra is necessary for not having stripes 

Converse and Contrapositive 

The converse of a conditional statement swaps the hypothesis and conclusion but is not always true. 

Consider the original statement: (*) If it is raining then I will wear a coat  

The converse of this statement is:  If I wear a coat, then it is raining     

 but this may not be true as I might wear a coat when it is cold but not raining. 

However the original statement does tell me something when I am not wearing a coat. In this case it 
can’t be raining, because if it was I would wear a coat which is a contradiction.  Therefore I can say: 

 If I am not wearing a coat, then it is not raining. 

This is called the contrapositive and is always logically equivalent to the original statement. It is 
obtained by negating both hypothesis and conclusion and swapping them. 

Other equivalent ways of expressing this contrapositive include: 

 Not wearing a coat is sufficient for it not to be raining 

 Not raining is necessary for me not to wear a coat 

 I will not wear a coat only if it is not raining 

 It is not raining if I am not wearing a coat 
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7.  Write the contrapositive of the following statements (be careful to identify the hypothesis and 
conclusion before swapping them): 

a)  If I have enough money, I will go on holiday 

b)  If you do not study, you will not do well in your exams 

c)  Ben will not go to school only if he is sick 

d)  I will wear a hat if it is sunny 

e)  Renting a flat is sufficient to have somewhere to live 

f)  Practising the piano is necessary to pass a piano exam 

8.  Write the contrapositive of the following mathematical statements: 

a)  If a shape has 4 sides, it is a quadrilateral 

b)  If an integer is not equal to 2, then it is not an even prime 

c)  A number is even only if the square of the number is even 

d)    if   

e)   is a sufficient condition for  

f)    is a necessary condition for  

f (a) > 0 a > 0

a2 < a a < 1

a2 > 9 a > 3

If I don'tgo on holidaythen I don'thaveenoughmoney

Ifyoudowell inyourexamsthenyoudidstudy

noschool sick if Benisnotsick hewill goto school

If sunnythenhat If Idon'twear a hat thenit'snotsunny

If fletthenlive if I don'thave somewhere to livethen I am notrentinga flet

Ifpass thepractise If I don'tpractisethepiano thenIwon'tpessthepianoexam

If nota quadrilateral thendoesn'thave4sides

If evenprime thenequalto 2

item thensquare is even I it.is

If aso then flatsol if f a o then a o

If a a then act if a I then a a

If a 3 then a2 9
if a 9 then a 3
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TMUA Style Multiple Choice Practice If / Only If  Necessary / Sufficient     

1. a and b are real numbers and f is a function.   
 Given that exactly one of the following statements is true, which one is it?    
      
 A  If   then      
 B    only if   
 C    is sufficient for  
 D   is necessary for 

a < b f (a) < f (b)
a < b f (a) < f (b)
f (a) < f (b) a < b
f (a) < f (b) a < b

2. a is a real number and f is a function.   
 Given that exactly one of the following statements is true, which one is it?    
      
 A  If   then      
 B    only if   
 C    is sufficient for   
 D    is necessary for  

a > 0 f (a) > 0
a > 0 f (a) > 0
a > 0 f (a) > 0
a > 0 f (a) > 0

3. a is a real number and f is a function.   
 Given that exactly one of the following statements is true, which one is it?    
      
 A   If    then     
 B     if   
 C    only if   
 D    is sufficient for  

f (a) > 0 |a | < 1
f (a) > 0 |a | < 1
|a | < 1 f (a) > 0
|a | < 1 f (a) > 0

4. Given that exactly one of the following statements is true, which one is it?     
    

 A x is not an even prime only if  
 B  if  x is an even prime, then  
 C    is sufficient for x to be an even prime 
 D   is necessary for  x to be an even prime 
 E   if and only if  x is not an even prime 
 F x is not an even prime only if 

x = 2
x ≠ 2

x ≠ 2
x ≠ 2
x = 2

x ≠ 2

Let EFaflb

p outfitQQ if P then Q

P Q
If P then Q
Ponly if Q If P then Q

P sufficient for Q If PthenQ
P necessary for Q If Q thenP

G
P Q if P then Q

P if Q if Q then P

Q only if P if Q thenP

Q sufficientfor P if Q thenP

P evenprime Q 2

notPonlyif Q ifeng.lt

thenPiEet

jt
T.IE eiesnote
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6. f is a function and a, b are real numbers.   
 Given that exactly one of the following statements is true, which one is it?     
    

 A  if and only if  
 B    only if  
 C   if  
 D   if  
 E  only if  
 F  only if 

f (a) ≥ f (b) a ≥ b
f (a) ≥ f (b) a < b
f (a) < f (b) a ≥ b
a ≥ b f (a) ≥ f (b)
a < b f (a) ≥ f (b)
a < b f (a) < f (b)

5. f is a function and a is a real number.   
 Given that exactly one of the following statements is true, which one is it?     
    

 A  only if  
 B    if   
 C    is sufficient for   
 D   is necessary for   
 E If   then   
 F  if 

a ≤ 0 f (a) ≤ 0
f (a) > 0 a > 0
f (a) > 0 a > 0
f (a) ≤ 0 a ≤ 0

f (a) > 0 a > 0
a > 0 f (a) > 0

 Let x be a real number.  

7. Which one of the statements below is a necessary condition for all of the other four statements? 

8. Which one of the statements below is a sufficient condition for all of the other four statements? 
  

 A  

 B  

 C  

 D  

 E 

x2 < 2
x = − 1
x2 = 1
x2 ≤ 2
x2 ≤ 1

P a 0 Q fa o

o fi p note it amene

notasufficientfornotP ifnotathennotP Irena

notP if notQ ifnotaMennot tPRe

not notP

Ahello
If Ha f1b then acb contrapositive
If a b then Fla c flb
If fla Hb then a b

If ask them fla 1b
contrapositive

If acb then f a fb

A D equivalent
B C D F contrapositive

D

B

III.EE
I
orderthe conditionswithinA I

HEEE.EE E ie s
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13. Consider the four options below about a particular statement (*):    

 A The statement (*) is true if   
 B The statement (*) is true if and only if   
 C The statement (*) is true if   
 D The statement (*) is true if and only if   

 Given that exactly one of these options is correct, which one is it?

x2 < 1
x2 < 1

x2 < 4
x2 < 4

 Let x be a real number. 

9. Which one of the statements below is a sufficient condition for all of the other four statements?  

10. Which one of the statements below is a necessary condition for all of the other four statements? 

 A   or   

 B  

 C  

 D   is a positive integer 

 E   is a positive square number

x = 4 x = 9
x ≥ 0
x = 4
x

x

 Let x be a real number.  Which one of the statements below… 

11. … is a sufficient condition for exactly 3 of the other four statements? 

12. … is a necessary condition for exactly 3 of the other four statements?   

 A   

 B  

 C  

 D  

 E 

x2 < 1
0 < x < 1
x < 1
x = 1
x ≠ 1

C

B

B D É
x ̅
A.DE

B
B D

c

it

O A.CI
3

O

If oral thenstatementis true

m.ae me
tAstEemetistrue talk
true

iii ii.EE Ei ias



Proof and Logic v4 Tyler Tutoring

14. Which of the following is a necessary and sufficient condition for    

      

 A  
 B  
 C k is a positive integer 
 D k is a multiple of 2 
 E k is a multiple of 4 

∫
kπ

0
sin( x

2 )d x = 0

k = 2
k = 4

15. Which of the following is a sufficient but not necessary condition for    

      

 A  
 B  
 C n is 3 more than a multiple of 4 
 D n is 3 more than a multiple of 8 
 E n is an even integer 
 F n is an odd integer 

n

∑
k=1

cos( kπ
4 ) = 0

n = 2
n = 4

16. Which of the following is a necessary but not sufficient condition for the curve 

    to have a local minimum point at      

 A  
 B  
 C  
 D  
 E  
 F  

y = x2(x − k) x = 2
3 k

k > 0
k ≥ 0
k < 0
k ≤ 0
k = 1
k = − 1

i
Sufficient

notnecessary esk s
5 theatre the

e

If kismultipleof4 thenflydx o

me cos cos cos31ft

12 0 E 1 E Ot E It

É
sumoon 8 to

sufficient notnecessary

p
y x kx

5
O n

y for 2k

s.fi y p
K so necessary sufficient

k 0necessarybutnotsuffero
to



Proof and Logic v4 Tyler Tutoring

Quantifiers 

The words ‘all’, ‘some, ‘none’ are examples of quantifiers.  These tell us how many instances satisfy the 
statement, and a statement containing one or more of these words is called a quantified statement.  

In English there are many ways to write these statements: 

 All: All / Every / Each / Any / If 

  All even numbers are divisible by 2 

  For all even numbers x, x is divisible by 2 

  For each/every even number x, x is divisible by 2 

  If x is an even number, then x is divisible by 2 

 Some: Some / At least one / There exists  

  Some even numbers are prime 

  For some even number x, x is prime 

  There exists an even number x, such that x is prime 

  There is at least one even number x, for which x is prime 

   

 None: No / Not any / There does not exist / There are no 

  No real square numbers are negative 

  There are not any real square numbers that are negative 

  There does not exist a real square number x for which x is negative 

  There is no real square number x such that x is negative 

Consider the order of quantifiers: 

When the same type of quantifier is used, the order does not matter: 

 For all odd numbers x and all even numbers y the sum of x and y is odd 

 For all even numbers y and all odd numbers x the sum of x and y is odd 

However, with different quantifiers, the order changes the meaning of the statement: 

 For all positive real x, there exists a real y such that    

This is TRUE as we can choose any positive value for x and find a value of y that makes the equation 
true by calculating  . 

 There exists a real y, such that for all positive real x,    

However this is FALSE as there is not a single value of y that makes the equation true;  the value of y 
that we need changes with our choice of x. 

y2 = x

y = x

y2 = x
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1. Are the following quantified statements true or false? 

a)  For all odd integers x, the quantity  is even  

b)  There exists an even integer y, such that the quantity  is prime 

c)  For all prime integers x, the quantity  is prime 

d)  For all positive real values of x, we have   

e)  For any integers a, b, and c, if a divides bc, then a divides b or a divides c 

f)  For all real x,  

g)  For all , there exists y such that  

h)  There exists a real value of y such that  for all  

i)  There is no real x, such that   

j)  There exists a real x and a real y such that  

k)  For all real x there exists a real y such that  

x2 + 6x + 9

y − 8

x2 + x + 11

x2 ≥ x

x
x

= 1

x > 0 x + y = 0

x + y = 0 x > 0

x2 = 3

x ≤ y

x y = 1

True
old eventodd even

when y 10 y 8 2 isprime
True

False

when sell 112 11 11

False
when L 0224

False
when a 6 b 9 c 8

False when x 0
statement true for x o

True
Pick y x

False
needto choosedifferent y for eachchoice of

False
choose x If

True
choose any pair eg x 1 y 2

False
when x 0 there is no value of y
Thisstatement is true for 0 eloose y I
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Negation (denial not opposite) 

The negation of a statement is achieved by placing ‘not’ in front of the statement. In reality there are 
often multiple ways of phrasing this in English.  Be careful not to infer too much from a negation, for 
example ‘not hot’ does not mean cold - it just means not hot (eg it could be warm). 

If our original statement is True, then the negation will be False and vice versa. 

Statement    Negation 

He is a doctor     Not ‘He is a doctor’ = He is not a doctor 

She is tall    Not ‘She is tall’ = She is not tall (She is short would be incorrect) 

1. I am hungry 

2. They do their homework 

3. It is not raining 

4. The melon is not ripe 

To negate  (A and B)   we use   not (A and B)   which is the same as   not A or not B 

I have blue eyes and blond hair Either I do not have blue eyes or I do not have blond hair  
       (or I do not have either)  

5.   My socks are blue and stripy 

6.   I play hockey and basketball 

7.   I had lunch with Bill and Ben 

8.   Neither my brother nor sister will help me 

To negate  (A or B)   we use   not (A or B)   which is the same as   not A and not B / neither A nor B 

I study English or German   I do not study English and I do not study German 

9.    Jan drinks tea or coffee 

10.  The man is called Jim or John 

11.  The children eat apples or bananas 

12.  It is not hot and not sunny 

Note how the words ‘and’ & ‘or’ swap when we negate a statement

I am not hungry

They don'tdo their homework

It is raining
Themelon is ripe

filler not blue or not ship

Don'tplayboth eithernothockey or not
basketball

Didn'thavelunchwith both Bothdidn'thavelunch
withme

Eithermybrother or mysister willhelp
me

Jandoesn'tdink tea and doesn'tdrinkcoffee

notcalled Jimand notcalledJohn

The children eat neitherapples nor bananas

It is hot or sunny
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To negate  (for all A, then B)   we use   not (for all A, then B)   which is the same as    
     not every A implies B / there exists A such that not B 

Statement      Negation 

Everyone like pizza     Not everyone likes pizza  /  
       At least one person doesn’t like pizza / 
       Some people don’t like pizza / 
       There exists someone who doesn’t like pizza 

13. All vegetarians eat carrots 

14. My teacher is always right 

15. All dogs bark 

16. Not every integer is odd 

To negate  (there exists A such that B)   we use   not (there exists A such that B)   which is the same as    
       there is no A such that B / for all A, not B 

There is a prime number less than 2    There are no prime numbers less than 2 
       All prime numbers are greater than or equal to 2 

17. Some boys like football  

18. At least one square number is less than 3 

19. There exist some birds who can not fly 

20. There are no prime numbers that are even 

To negate  (if A, then B)   we use   not (if A, then B)   which is the same as  if A, then not B / A and not B 

If the sun shines, I will wear a hat   If the sun shines, I will not wear a hat 

21.   If it is raining I will take an umbrella 

22.   I will receive a gold medal if I win 

23.   If   then   

24.     if   

Note how the words ‘for all’ & ‘there exists’ swap when we negate a statement

a < b f (a) < f (b)

f (a) > 0 a > 0

some vegetarians don't eat carrots

My teacher is sometimes wrong
some clogs don't bark

All integers are odd

Noboys like football Allboysdon'tlikefootball

Nosquarenumbers are less than 3

All birds can fly

FALSEStatement

At191 statement
ber is even

If it is raining I won't take a umbrella

If I win I won't receive a goldmedal

If acb then fa b

if aso then f a 0

if aso then Fla 0
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Negation of ‘Nested’ statements  
   
A  Consider the statement: The class can complete their homework online, if for every   
    student in the class, the student has online access 

The negation is:  A class can not complete their homework online, if there is at least one  
    student who does not have online access. 

Replace parts of this statements as follows:  P = class can complete homework online 

      Q = student in the class 

      R = student has online access 

Then the statement becomes: P is true if for every Q, there exists R 

The negation of this is:  P is not true if there exists Q such that not R 

B  Consider the statement: The class can complete their homework online, if for every   
    student in the class, the student has a friend who has online access 

The negation is:  A class can not complete their homework online if there exists a student  
    in the class, all of whose friends do not have online access. 

Replace parts of this statements as follows:  P = class can complete homework online 

      Q = student in the class 

      R = student has a friend 

      S = friend has online access 

Then the statement becomes: P is true if for every Q, there exists ‘R such that S’ 

The negation of this is:  P is not true if there exists Q such that not ‘there exists R such that S’ 

          or: P is not true if there exists Q such that ‘for all R not S’ 

Write the negation of the following nested statements: 

1) A set of integers P is the set of even numbers if and only if for any integer n in P,  is also an integer. 

2) A set of integers P is the set of square numbers if and only if for any integer n in P, there exists an 
integer k such that  

n
2

k2 = n

Ip here Ethernetnot c
Pnotsetof even numbers it wereexists intenseat Peg

t let

Tiff GrJBwereexistsC such net
xistsCsuchnet D

is ti i i msn.r.mn
for all integers K K In
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Counter Examples 

A counter example is one example which disproves a statement. It proves a statement is not true. 

1)   Find a counter example to the following statements: 

a)  All quadrilaterals with equal side length are squares 

b) The square root of a number is always less than the number 

c) If a three-dimensional solid has a circular base, then it is a cylinder 

d) If n is an integer and  is divisible by 4, then n is divisible by 4 

e) If p is an odd prime then p+2 is also an odd prime 

f) The sum of 2 numbers is always greater than both numbers 

g)   is prime if k is an odd prime 

h) For all real x,  

i)  For all real x,  

2)   A set of five signs has a letter printed on the left and a number printed on the right 

  A 8  B 4  C 1  D 7  E 3 

Which sign(s) provide a counterexample to the following statements: 

a) Every card that has a vowel on the left has an even number on the right 

b) Every card that has an even number on the right has a vowel on the left. 

c) Every card that has a consonant on the left has a prime number on the right 

d) Every card that has a prime number on the right has a vowel on the left 

3)   How many counter examples are there to the following statements: 

a) All odd numbers between 2 and 20 are prime. 

b) If n is a prime integer less than or equal to 10, then  is also prime 

c) A whole number n less than or equal to 50, is prime if it is 1 less or 5 less than a multiple of  6

n2

10k2 + 1

5x > 4x

1 − sin2x = cosx

n2 + 2

Rhombus

E
Cone

n 6

p 7

1 2 6

K 3 10 3 1 91 7 13

any co

x 180 1 1

E3

B4

B4 CI

7

3 5 7 90 11 13150 17 19
2 counterexamples odd but notprimel

n2 3 counterexamples nprime 10 n 2notprime

1 less or Sless 5 7 11 13 17 19 230529 31 35037414347490
4 counterexample 1lessor Sless notprime
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4)   Prove the following statements, or find a counter example to disprove them: 

a) For all real x,    

b) For all real x,  if         then   

c) If a positive integer p has remainder 1 when divided by 3, then   also has remainder 1 when  
 divided by 3 

d) For all integers p and q, if  , then   

e) For all integers n,      is not prime 

f) If a positive integer p is prime, then  is also prime  

g) For consecutive even integers p and q,   is a multiple of 8 

h) For all integers n, if n is prime, then  

i)   is divisible by 5 for all integers  

j) If p and q are irrational, such that   , then  is irrational 

k) If p is rational and q is irrational, then     is irrational

3x < 3x

a x = bx a = b

p3

p < q p2 < q2

9n2 + 24n

2p + 1

p3 − q3

(−1)n = − 1

4n + 3n−2 + 3 n ≥ 2

p ≠ q p + q

logpq

False when x I 3 3 is not true

False when x 0 a b can be different

me E

False p 5 q 1

True 9m 24m 3 32 81 has factor 3 for all n

False
2p 3 p 7

True 1323 2341243 2313 which is amultipleof23 8

False n 2 112 1

False 1 3 b I 24 256 9 3 1stfists

False p 52 2 52 ptg 0 rational

False p 2 9 52 log I log rational
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Logic 

On an island people either always tell the truth or always tell lies. Identify the truth-tellers or liars in the 
following situations. 

1. You are approached by 2 people, A and B. 

a) A says “we both always tell lies” 

b) A points to B and says “he is a liar” and B says “neither of us are liars” 

c) A says “we are both telling the truth” and B replies “he is lying”. 

d) A says “at least one of us is lying” 

e) A says “exactly one of us is lying”, and B replies “actually we’re both lying” 

2. You are approached by 3 people, C, D and E. 

C says “D is a liar”. D says “E is a liar”. E says “C and D are both liars”. 

3. You are approached by 2 people, F and G. 

F says “Either I am a liar or G is a truth-teller”.    

4. You are approached by a group of 4 people, H, J, K, and L.  

J says “K is a liar”.   K says “L is a truth-teller”.  

L says “J never tells the truth”. H says “K is a liar and I am a liar”. 

If A truth both tell lies contradiction

Alar not both tell lies But

T.EE Ei tEIani
If A truth B truck A liar contradiction

if he Er I 19h Intradiation if Beth AI

Etars contradict

i T.EE mE Es i stIiuiies
but is liar atleast L.tt

If C truth D liar E truth contradiction

if car Eh Elar

orboth

1Ftth Etta.ieeia isnotamuteller

if J truth k lies 2 liar Jtruth her Effe.in
If Ir Kth Luth Jlier Hell

contradiction

of Htruth off S much touch Jlier
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Errors in Proofs 

Common errors to look out for include dividing by zero; only taking the positive square root; arithmetic 
or algebraic errors; incorrect manipulation of minus signs; minus signs in inequalities; decreasing 
functions in inequalities; finding all trig solutions; invalid conclusions. 

1.  Find the error(s) in the following attempted solutions: 

a)  

    

     

           

            

2log3x − log3 x = 5

2log3
x
x

= 5

2log3 x = 5

log3x = 5

x = 53

c)  

   

   

   

            

              

4sin2x = 3tan2x

2sin x = 3tan x

2sin x = 3 sin x
cosx

2cosx = 3

cosx = 3
2

x = π
3

b)   

   

   

           

4x + 1
x − 1 < 3

4x + 1 < 3(x − 1)

4x + 1 < 3x − 1

x < − 2

d)         

  

   

      

        

          

 

x
x + 1 − x − 1

x + 2 = 0

x (x + 2) − (x + 1)(x − 1)
(x + 1)(x + 2) = 0

x (x + 2) − (x + 1)(x − 1) = 0

x2 + 2x − x2 − 1 = 0

2x = 1

x = 1
2

e) Given            find the range of values for  

         

                         

                

0 ≤ x ≤ π
3 cosx

x ≥ 0 x ≤ π
3

cosx ≥ 0 cosx ≤ cos
π
3

cosx ≤ 1
2 0 ≤ cosx ≤ 1

2

1 51585

jiggling 2

incorrect
expansion

aÉEEÉform 3

Efficient

ie Et in son

x I
É COSX 1

NO 1 rossi I

0
No as cosine is a

decreasingfunction
for O K
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Find the error(s) in the following proofs and circle the line numbers where these occur: 

2)  Let       

  multiply by x       (I) 

  subtract 1       (II) 

  factorise    (III) 

  divide by      (IV) 

  substitute       (V) 

3)  Let  a, b  be two numbers where     and let   

  multiply by       (I) 

  add       (II) 

  factorise       (III) 

  take the square root       (IV) 

  so          (V) 

x = 1
x2 = x

x2 − 1 = x − 1
(x + 1)(x − 1) = x − 1

(x − 1) x + 1 = 1
x = 1 2 = 1

a ≠ b a + b = 2c

(a − b) a2 − b2 = 2ac − 2bc

b2 + c2 − 2ac a2 − 2ac + c2 = b2 − 2bc + c2

(a − c)2 = (b − c)2

a − c = b − c

a = b

4)  Consider the attempt at solving the following equation      

      

  rearrange        (I) 

  substitute for      (II) 

  take the square root       (III) 

  inverse sine both sides            (IV)

sin2 A + 1 = 2 − cos2B

sin2 A = 1 − cos2B

cos2B sin2 A = sin2B

sin A = sinB

A = B

5)  Given that  and  where p is an integer, show that   is a factor of N  

 Consider        (I) 

 expand     =    (II) 

 use law of indices   =    (III) 

 complete the square   =   (IV) 

 substitute for k    =    (V) 

 substitute for N    = N     (VI) 

 Therefore  is a factor of N

N = k2 − 1 k = 2p − 1 2p+1

2p+1(2p−1 − 1)
22p − 2p+1

22p − 2(2p)
(2p − 1)2 − 1
k2 − 1

2p+1

dividingby01 1 0

85 22 Otaker

take If

or BB etc

This is a proof of the converse If 2Pt is afactor of N
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Definitions 

and A and B means A and B together ( ) 

 For A and B to be true, both A and B must be true 

or A or B means A or B or both ( ) 

 For A or B to be true, either A or B or both must be true 

negation = not 

not (A and B) = not A or not B 

not (blue eyed and blonde) = not blue-eyed or not blond 
so could be one or the other but not both  

not (A or B) = not A and not B 

not (blue eyed or blonde) = not blue-eyed and not blond 
so does not have either characteristic 

if, then 

if A then B means if A is true, then B must be true (But if A is not true, then B could be true or false) 

We can also write this in the following ways:  

 A implies B              

 B if A    A only if B 

 B is necessary for A   A is sufficient for B   

 The converse statement (swapping statements) is   

 ‘if B then A’  but these are not always equivalent  

The contrapositive statement  (swapping and negating both statements) is  

 ‘if not B then not A’  and this is an equivalent statement to the original. 

The negation of the statement is 

 ‘if A then not B’ or ‘A and not B’ 

if and only if  

A if and only if B. We can also write this in the following ways:  

 A implies B and B implies A             

 A if B and A only if B    A iff B 

 A is sufficient and necessary for B 

A ∩ B

A ∪ B

A ⟹ B

A ⟺ B

TMUA	Proof	and	Logic	Summary	using	Venn	Diagrams


