cotecked 1082
Combinatorics

Combinations and permutations; choose function; distinct / indistinguishable ; distribution into bins;
distributing part of a set; stars and bars method; repetition and restrictions.

Combinations

A collection of things where the order is not relevant, so ABC is the same as BCA. You can think of
this as a group - examples include the toppings on a pizza, or choosing a sports team.

Assume we have n distinct objects, and we want to choose » objects,

then the number of combinations is # choose r which can be written as:

n n!
"C, = = —_— wheren! =n(n—-1)...3x2x1
r rl(n—r)!
1. Five children are travelling in a car with three seats in the middle row and two seats in the back

row. How many ways are there to choose which two of the five children sit in the back row?

gxuxz 2% | . x4 _ 1D
(3)= o () © 2

2. A restaurant has a buffet consisting of eight distinct dishes. How many ways are there to choose
a different pair of dishes?

(%51 gxl _ 2%
2 s

3. Greg has a collection of 12 toy trains. He wants to display five of them in a display case.
How many different ways can he choose five trains to display?

I'Z> _ e 1X® 747
S SxGx 3k 2
4. There are 18 athletes in a squad including the captains Anna and Ben. How many ways can a

team of four be chosen, that includes both captains?

4\ _ 6x1& 120

=

cloose ceplalas  Hen 2 fove 14
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Permutations

A collection of things where the order is relevant, so ABC is different to BCA. You can think of this as
a list - examples include the digits on a padlock, or prize winners in a competition.

Assume we have 7 distinct objects, and we want to choose 7 objects:

Case I: repeats allowed (eg choosing a 3-digit number where 224 or 666 is allowed)

then the number of arrangements is written as: n"

Case 2: repeats not allowed (eg only one of each object - once it is chosen it can’t be chosen again)

then the number of arrangements is n permute r and is written as:
n!

"P, = — wheren! =n(n—1)..3x2x1 and 0!=1
(n—r)!

Case 3: some repeats, so we have n objects, where p are the same, and ¢ are the same,

n!
and r are the same, (etc), then the number of arrangements is: ———
p!xqg!xr!
1. How many 4 digit codes can be made using any digits from 1 to 9.
Y% Tx 9x % ac 9 "
2. How many 4 digit codes can be made using different digits from 1 to 9.
Gxgx 7% b or 9!
g\
3. Filip wants to make a sign from five cards with the letters, AANTT
How many ways can he arrange the cards in a distinct order?
(@] 12D _ 3 (@)
L. L 2lel ex2
e R ropeslin TS
4. The digits 1, 3, 5 and five copies of the digit 9 are arranged to form an 8-digit integer.
How many different integers can be formed?
RY _ 23
E
5. How many ways are there to arrange the letters of the word BOTTLES such that both of the
vowels are at the ends?
(
7 x S . R \7)LD
4 P
7 03\5 = \S/ Z .
hevt vovt
AT
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Distributions
A distribution of objects into sets, is an arrangement of those objects, such that each object is placed into
one of the sets.

Distributing Distinct Objects into Distinct Sets
In this case each object is different - for example 5 numbered balls - or 3 types of fruit.
Each set is different - for example - 4 flavours of crisps - or 6 coloured bags.

Say we have n objects to be distributed into 7 sets.
There are  options for each object, so the number of distributions is r".

Example - 5 coloured balls are to distributed amongst 3 coloured bags. The first ball can be placed in 3
possible ways. Similarly for the second ball, etc. So the total number of ways is 3 X 3 X3 x3x 3 =3

Distributing Part of a Set of Objects
Say we have n objects and we want to distribute & of these objects into r sets.

There are "C, ways of choosing these k objects, and for each of these choices, we have k objects to be
distributed into 7 sets (as above), so the number of distributions is "C, rk

Example - a teacher has a box of 8 different coloured pencils. She is going to choose 6 of these pencils
to give to 5 children in her class. How many different ways can she do this?

8C, = 28 ways to choose 6 pencils from 8

5% ways to allocate the 6 pencils to 5 children Total = 28 x 5%
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1. Three friends Alf, Beth and Clare are each going to choose one flavour of ice-cream from the
following flavours: vanilla, chocolate, strawberry, coffee and mint.
How many ways are there for the friends to choose their ice-creams?
3 A](‘ hey £ °p LioAs
6 W las £ o(‘)L‘ o—4
Clese Lay £ oplions

2. There are eight different novels and three sisters who want to read them. How many ways are
there to distribute the novels between the sisters.
S sk vovel - 2 plonl
s e Co,\o\ o | - KDPL“?—& .-
3. There are seven different flavoured cakes for sale in a bakery, and six people waiting in the

queue. The first person buys five of the cakes for a party.
What is the total number of ways that the seven cakes can be sold?

7
CLome Sof e 7 @y 2z W = S?@OPZL = S UQ-S-S
7
S)"Z' DS o21x 2¢ = S28
4. 10 people buy tickets for a raffle with six different prizes. The first winner can choose three of

the prizes. The second winner can choose two of the remaining prizes, and the third winner gets
the final prize. How many ways are there for the prizes to be distributed?

W FSPV\’US ZV‘AJZPAU'S
o X ( > x U~ ( 3

lo x 20 X 4 3n &= ng2eo
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Identical Objects into Distinct Sets (Stars and Bars Method)

Example: A grandmother has seven cookies to distribute to her four grandchildren.
a) How many ways can she distribute the cookies?

Represent the seven identical cookies with ‘stars’ ok oR R Rk X
Represent the four distinct children A, B, C, D as four sets created by three ‘bars A |B|C |D

So the following pattern ol B
means that child A gets 1 cookie, child B gets 3 cookies, child C gets 3 cookies and child D gets none.

So the problem becomes how many ways can we arrange 7 stars and 3 bars, or how many ways can we
choose 3 positions for the bars out of 10 possible positions

Answer 0¢c, =120

b) How many ways can she distribute the cookies so that every child gets at least one cookie?

With this extra condition, we first allocate one cookie to each child. We then have three cookies left and
repeat the method above with three stars (for the cookies) and three bars (for the four children)

Answer °C;=20

This powerful method can be used in many different ways, which at first glance may not be obvious:

Example 1:
How many ordered sets of non-negative integers are there such that a + b +c¢ +d = 10

If we assign the value ‘1’ to each star, then 10 stars can be used to represent this sum.

We then need to divide the stars into 4 groups to represent the 4 digits, using 3 bars.

So the following pattern O o O represents 1+3+3+3
The problem becomes how to choose 3 positions from 13 =13C;
Example 2:

A positive integer has 5 digits, and these digits sum to 4. How many possible integers are there?
If we assign the value ‘1’ to each star, then 4 stars can be used to represent this sum.
We then need to divide the stars into 5 groups to represent each digit, using 4 bars.

If we accept that the first digit can not be zero, then we know we have to start the sequence with a star.
So we are left with arranging 3 stars and 4 bars.

So the following pattern O I o B represents 10120

The problem becomes how to choose 4 positions from 7  ="C,
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1. Three pirates Blackbeard, Bluebeard, and Redbeard are sharing treasure of 8 identical gold
coins. How many ways can they share the treasure between themselves?

g 21 ()= 15

2. There are six distinct fish in a tank. Ten pellets of food are floating on the surface. How many
ways are there for the fish to eat the food? q
bk 12 x ol 1«23
< ol 1S A =
o ¢ SV (0): Tenges
ANEO X \% 0\151\’_\ %
3. A positive integer has less than 4 digits, and these digits sum to 4. « / ]4« « x = 103

How many possible integers are there?

4+ 20 (5_3:16

yve o 2e7 0
4, Find the number of non-negative integer solutionstoa +b +c +d +e = 16

RS NG

5. You have 6 identical balls to be placed into 6 numbered boxes.
How many ways can the balls be distributed if some boxes can be empty?
T
bx S} (L) - WX @A RY T w2
poll el S
(bolly) %ﬁﬁa&}i SR X B K
6. An eight digit number has digits that sum to 4. How many possible numbers are there?

5
U %  bubow a\,-s,‘\, 0 = ~b oIx ab Fer et . Then Cereqe 2+ 71

10\> lox&x?® _ 12D
<7 T T2 B
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One # i~ eecl SOUF b Skt

7. Find the number of positive integer solutions of the equation x+y+z=12

Ny D'y 9« 2K (;B: S5

8. Four identical badges are to be distributed to three children such that each child receives at least
one badge. How many ways can they be distributed?

Cesde = L« 2} (325-_3

9. There are twelve slices of pizza being shared by a group of 5 friends?
How many ways can they share the pizza such that everyone receives:
a) at least one slice?
b) at least two slices?

) 7 % &l <:>

b) z ¢ <3>

10.  Jane buys 28 pencils for her class. The shop has red, blue or green pencils for sale.
How many ways can she select the 28 pencils?

¢ ¢ 21 C}

11. Max is making gift bags with toys in them. The party shop sells 4 different toys and Max is
making 9 bags, each containing a single toy. How many different combinations can Max make?

Y | (‘;>

12.  There are 6 boys and 10 girls in a line.
How many ways are there to arrange them such that no 2 boys are next to each other?

Fx Bog B 2 8 A‘S,qug P\)l—“\ C. beYvee~ zoc-
S R v~ l‘:& Sqr‘ls 7 ?DS!'L‘D.,\J (S) = Lk 6 yA
% =60
13. 3 red balls and 12 blue balls are randomly placed in a row.

What is the probability that no two red balls are adjacent?

Ay R & R & 2  lesves 0 blug v U placs
[2)-+ o sk (g)e
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Problems with Restrictions

1. A 4-digit number is created from 4 distinct integers chosen from {1,2,3,4,5,7,9}
How many numbers include both 1 and 2 but neither begin nor end with 1? h2,8,b
( 2 x Ix2x( =~ |2
— — sk Zdigks lOx 12 = 12D
CLOb_SQ, L,\n_\ 2 oll \ , ‘/r ,\/2‘ o S@ ,
S 7 | can - -
Frova i; “=, qk - CZA.P\%ZA_S 3 ciai-g places

2. From a group of 11 scouts, including Victor and Oscar, 4 people are selected to stand in the front
row for a photograph. If Victor and Oscar are both in the front row, how many ways can the
front row be arranged?

(‘1>x ‘—%.) - Cbhk

ya

3. How many ways can the integers 1, 2, 3, 4, 5, 6 be arranged such that 2 is adjacent to
either 1 or 3 or both?
| - 240 ‘23 zen! = 48
CYg 1x$. =240 =] = T2 ' RAPRE
Subkzct oy douple A
u8o- u¥ =432 5
4. Ten players enter a badminton competition. The first round consists of 5 matches, with each

player in one match. How many ways could the 10 players be matched against each other?

(%)~ (5Y« (2~ (i‘bx:wsxzewsw
T(NL

5. How many ways are there to pick two distinct numbers from 1 to 11 such that the sum of the two
numbers is even?

Bl odh ()= 18 +3 24
oW aven (5_5: V)

o

6. There is a group of people in a room. They each shake hands with every other person (but not
themselves!). If there are 66 handshakes, then how many people are in the room?

o ‘PeOTQ/ QTLB ~ /‘Cﬂl"l\ - £4 V\(.Af—l\ <132
a~ (7
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Mixed Questions

1.

Ed, Fred Jed and Ned are going to stand in a line to have their photo taken. How many ways
are there for them to arrange themselves?

Lxdx2x| =1k

During a game of hide and seek, four children are hiding in a house with seven possible rooms
for them to hide in. Each child hides in a different room. How many ways are there for the
children to hide?

Tebx$xt =€UD  or (1}%“‘-;%”’0

==

How many ways are there for six friends to arrange themselves around a round table (ignoring
rotations of the same arrangement?)

Cx Covel PQ)‘ZSO\/\ : stz (20

There are 20 football players in a squad including the joint captains Jo and Kim.
How many ways can a team of eleven be chosen, that includes both captains?

( 181
c\loose C‘-\{D‘(ﬂ-""ﬁ ) H«ly\ (1 ﬁD'M—\ 18 (‘123 - —c”/ﬁI_—

Consider all 5 letter ‘words’ made from the letters a to A

. S
a) How many words are there in total? g
b) How many words contain no repeated letters? Q x7 % bx Sl

T
c) How many words start with the sub-word ‘aha’ @ CD \Lvo’ 2 L E{_%S

T
d) How many words contain the subword ‘bad’ S x &
e) How many words with no repeated letters contain the subword ‘bad’
Ix Sx L = b0

Combinatorics Byler Tutoring



6. How many two letter words start with one of the 5 vowels?

S x2L = 13

7. You have 3 different flavours of cake, 4 colours of icing, and 2 types of sprinkles.
How many different types of cupcake can you make?

3w w2 o= 2k

8. How many licence plates can you make out of three letters followed by three numerical digits?
K3 )
24 x 1©
9. Consider the five letters of the word ‘M AT H S’ written on five separate cards.

These cards are arranged to make five letter ‘words’.
a) How many ‘words’ can be made using these cards? S \l = 2D

b) How many ‘words’ start with M Lt \ = 2l

Lﬂxl:‘*@

c) How many ‘words’ have the letters S and H next to each other

\
d) How many ‘words’ start with M and have the letters S and H next to each other 321

=

10. A swimming club consists of 6 men and 4 women. A team of 6 people is selected at random to
compete in a competition.

a) How many ways can a team of 6 be selected? ( 20\ = 2O

b) How many teams of 6 have an equal number of men and women?
4 b - 20 = 8D
( 2 > X <g\> - k¥
c) What proportion of teams of 6 have at least as many women as men?
q
o~ &N\ _ 28 [
b [T (3)=18 2o - w2
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11. A team of five children is to be chosen at random from a group of 8 girls and 4 boys.
Find the number of possible teams containing:

a) exactly 2 girls ((85)( <§\ _ 28x L = (2
5 z

g+ 2 =
. l 8 X Lt - ’g
b) no more than 2 girls l5§r' . ) 4 )7 = 12D
—
12.  An exam has two papers: the first has 8 questions of which the student must answer 5 questions.

a) Find the number of ways that the 5 questions can be chosen.
< &} - Rr7 x b - S.A
s b

The second paper has two sections. Section A has 9 questions of which the student must answer
6 questions, and Section B has 6 questions of which the student must answer 4 questions.

b) Find the number of ways that the student can pick questions in this paper.
(1) x (6>; x8x7 . 6%S _ 126D
X - =

The student does not read the instructions and answers 10 questions at random from the second

paper.
c) Find the probability that they chose 6 questions from Section A and 4 questions from Section B.

1S
(13)= 302 260
303
13. Three flags coloured red, yellow and blue are used to send signals. Each signal consists of one,

two or three flags (where repeated flag colour is allowed).
How many distinct signals can be made?

2 X gllc 3%:?)0[
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14.

15.

16.

17.

18.

How many ways can 3 men and 2 women be seated around a circular table, where rotations of
the same arrangement are considered identical?

221

L ome pesSon t l 2

In a group of five girls, 2 of them are wearing a red shirt. How many ways are there to seat all 5
girls in a row such that the 2 girls wearing red shirts are not sitting adjacent to each other?

st lolel Lol  aqle] 41z =ud 12D 1% = 72
= 170

Three boys and 2 girls are to be seated at a round table. If the two girls want to sit next to each
other, find the number of ways of seating everyone (ignoring rotations of the same arrangement).

a8 jcc Ry | 2.2 - 12

Ten people including A, B and C are waiting in a queue. How many distinct possibilities are
there such that A, B and C are not all adjacent?

AL apl&«w-(’ 8&"31
ol - @l 2!

Five distinct numbers are chosen from the integers between 1 and 9 to make a 5 digit number.
This number has 3 odd and 2 even digits. How many distinct 5-digit numbers can be created?

/25&(3\x st L 7200

/l; N \ P@/m%\fabk“f)-«j

® 61\ AV ION
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