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Section 2 Proof and Logic

Paper 2 of the TMUA tests the candidate’s ability to think mathematically, and their ability to understand, and
construct, mathematical arguments in a variety of contexts. Questions may draw on any mathematical knowledge
from Section 1 (the eight topic areas MM1 to MMS plus the seven ‘GCSE’ topics M1 to M7) . However the
majority of questions will be phrased in terms of logical arguments or proofs.

The specification introduces a number of key terms and their mathematical definitions, which may be unfamiliar
to A Level students. It is crucial to understand these terms, and be able to use them to analyse or construct proofs.

The worksheet I have developed introduces all these concepts and provides examples and practice questions so
that students can become familiar with the terminology and how it is used.

There is also a PDF, ‘Notes on Logic and Proof”, published by Cambridge Assessment Admissions Testing. This
also covers the key material but it is 65 pages long and with no solutions, so many students do not find it quite as
helpful to start with. But it is certainly helpful to read through it once you have grasped the basics.

Specification for TMUA

The Logic of Arguments

Arg 1 Understand and be able to use mathematical logic in simple situations:
- The terms true and false;
- The terms and, or (meaning inclusive or), not;

- Statements of the form: if A then B
AifB
A only if B
A if and only if B
- The converse of a statement;

- The contrapositive of a statement;
- The relationship between the truth of a statement and its converse and its contrapositive.

Note: candidates will not be expected to recognise or use symbolic notation for any of these terms, nor will they
be expected to complete formal truth tables.

Arg2  Understand and use the terms necessary and sufficient.
Arg3  Understand and use the terms for all, for some (meaning for at least one), and there exists.

Arg4d  Be able to negate statements that use any of the above terms.

Mathematical Proof

Prfl  Follow a proof of the following types, and in simple cases know how to construct such a proof:
- Direct deductive proof (‘Since A, therefore B, ... , therefore Z, which is what we wanted to prove.’);
- Proof by cases (for example, by considering even and odd cases separately);
- Proof by contradiction;
- Disproof by counterexample.

Prf2  Deduce implications from given statements.
Prf3  Make conjectures based on small cases, and then justify these conjectures.
Prf4  Rearrange a sequence of statements into the correct order to give a proof for a statement.

Prf5  Problems requiring a sophisticated chain of reasoning to solve.

Identifying Errors in Proofs
Errl  Identifying errors in purported proofs.

Err2  Be aware of common mathematical errors in purported proofs; for example, claiming
‘if ab = ac, then b = ¢’ or assuming ‘if sinA = sinB, then A = B’ neither of which are valid deductions.
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The Logic of Arguments

Statements
A statement is a sentence which is definitely true or definitely false - it can never be both.
In the TMUA we may need to consider the following types of statement:
- statements that are obviously true or obviously false
eg “5 is a prime number” or “5 is greater than 6”
- statements that need some work to decide if they are true or not
eg “4583641 is a prime number”
- statements that may be true for certain values

eg “the square of an integer x is odd”  would be a true statement for all odd values of x

Conditional Statements

We can combine statements together to form conditional statements, sometimes known as if/then
statements, where ‘if” gives the hypothesis, and ‘then’ gives the conclusion.

If an integer is odd, then the square of the integer is odd  (this is true)

the hypothesis is “an integer is odd” / the conclusion is “the square of the integer is odd”

If an integer is prime, then it is an odd number (this is false)

the hypothesis is “an integer is prime” / the conclusion is “it is an odd number”

Implication of ‘If’ statements

The most important thing to remember is that conditional statements tell us what happens if the
hypothesis is true, but they don’t tell us anything about what happens if the hypothesis is false.

Example: If it is raining then I will wear a coat

This tells me that if it rains, I will wear a coat, but if it is not raining I can not draw any conclusion - I
might or might not wear a coat in this situation.

Be very careful not to infer too much information from a conditional statement.
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Logic of Arguments

la. Consider the following statement: “If it is my birthday, I will eat some cake”

What conclusion can I draw from each of the following statements: b;r\/\«dg = cale

i) It is my birthday \ o\ ook cole

i) It is not my birthday — ~no  corclugon - anelv 2ok cake | AN PN

iii) I eat some cake No concluSion - el v ek cabe on amollus day s conld be

ooy i Ueclay ook angLb et b
iv) I do not eat some cake k1S nok ey ke Whele
(becouse & & el N &\Lda\x [ oud el le&>

1b. Consider the following statement: “If it rains the ground will get wet”
ratn = et

What conclusion can I draw from each of the following statements:
Aov. 3?/""‘}'!'2}_

1) The ground is wet No conclusion - """SLL be ol Cvonn rodn oF
ii) The ground is not wet b hoy nok been f‘&?vxiv\S

1i1) It is raining Tie Smw\g\ ol 5zlf ek

iv)  Itis not raining No co~clasion - fj""‘“‘"‘ ~gll be wek or C{FA

Ic. Consider the following statement: “If I am in Paris, then I am in France”

What conclusion can I draw from each of the following statements:

i) I am in Paris T an in Etance

ii) I am in France no eonclugvon - M“%L\’ be 1n Fons or tn bille

ii1) I am in London - T am aok '~ Fance = T qan ack in TRAS

v) [ am at the Eiffel Tower o T e 1 Pore = T o i~ Fonce

1d. Consider the following statement: “If a shape is a square, then it is a quadrilateral”

What conclusion can I draw from each of the following statements:

i) The shape is a square o a ﬁ‘v\c\c\r\‘\D\\r(’ff—\

ii) The shape is a quadrilateral no conclugton - At be Q gguee o & pare- el ger -

ii1) The shape is not a quadrilateral ;. ¢ wol a gciwu-z_

v) The shape is a rhombus no  conclugvon
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There are different ways to write a conditional statement which are all logically equivalent, as follows:

*) If it is raining then I will wear a coat

a) I will wear a coat if it is raining

b) It is raining only if I wear a coat

C) Wearing a coat is necessary when it is raining.
d) Rain is sufficient for me to wear a coat

(*) The original statement has hypothesis “It is raining” and conclusion “I will wear a coat”
Let’s use the shorthand If Rain then Coat

Look at the equivalent cases a) to d) above, noting the relative position of the hypothesis and
conclusion, and how the meaning of each case stays the same.

Note that I can not draw any conclusion from the hypothesis “If I wear a coat” as the original statement
doesn't tell me anything about this situation.

Let’s consider each case in turn:

a) In this case the whole ‘if hypothesis’ is switched to the end of the statement and the conclusion
is given at the start, which gives us Coat if Rain
This is obviously a logically equivalent statement.

b) In this case the word if in front of the hypothesis in (*) has been removed and replaced with the
words only if in front of of the conclusion, which gives us Rain only if Coat
So the only way it can be raining is if [ am wearing a coat.

(This is often the case that people struggle with the most. It does not tell me anything about
what is true if I am wearing a coat. Instead it is setting out what must be true in order for it to be
raining - ie / must be wearing a coat. Or the only way it can be raining is if [ am wearing a coat.)

C) The word if from case a) is replaced with is necessary, giving Coat necessary for Rain
In other words wearing a coat is necessary when it is raining

d) The words only if from case b) are replaced with is sufficient giving  Rain sufficient for Coat
So if it is raining, that is a sufficient reason for me to wear a coat.

These cases illustrate that you can swap if / only if to reverse the hypothesis and conclusion in a
conditional statement, for example

AifB

B only if A (A=Coat / B=Rain)

Similarly with necessary / sufficient

A is necessary for B B is sufficient for A

Necessary  If A is necessary for B, then B can’t happen without A, so we have ‘if B then A’.
Sufficient If B is sufficient for A, then A must happen if B happens, so we have ‘if B then A’.
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It is often useful to rewrite statements in the form “if Aypothesis then conclusion”, so it is easier to
compare which ones have the same meaning.

2. Rewrite the following true statements in the form If... Then ...

a) The ground gets wet when it rains

b raie, lea M Srowi S,l_‘(& velk
b) All mammals have hair

k82 manmel e b hay hair
c¢) I can ride the roller coaster only if I am tall enough

E | mde e ol ol Hew | am tall MNSL
d) A fruit is yellow if it is a banana

It 'k a0 beaane, Uer & DL“OO
e) I am in Paris only if I am in France

L U in PanC, Ve lasin Are~ct
f) Having a passport is necessary for travelling abroad.

1t | revel olroed Weon | Wave o ?dsvorf'.

g) Coming first is sufficient for winning a medal.
W1 cone Loxh New 1 win a wedel

3. Rewrite the following true mathematical statements in the form If... Then ...

a) Any rectangle is a quadrilateral It e o recka «SU , Ue~ & o ?Wd N

b) All triangles have 3 sides 1t R oo e ,\Sze Ueeo o hay 2 sides

It e an evea P*‘W\e /\w«Lﬂ’ Uen e 2

¢) The number 2 is the only even prime number Mg 2 W i on guen pome e

d) x>10 if x > 100 L >0 e X > D
e) k2 <1 only if k<1 e Ltet e~ ke <CM/\\/:),:$ﬁu.\i
f) p?<p is sufficient for p<l1 It ptep | Hen  pe ) ( cw::’;‘c’ﬁuif

g) k being an even number is necessary for k to be divisible by 4

It ks divetle by & Hea L I8 an W vivenber
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4. Are the following statements true or false?

a) Xx>5

b) x <8

c) X is even

d) ab=ac

e) a?<a

f) az<a

g w<a a(a-9)=P

o4\

h) an even number is prime

1) an odd number is prime

1) a triangle is equilateral

k) a triangle is isosceles
Proof and Logic v4

if and only if

—

v’ X

if and only if
= =

if
&

only if

==

if and only if
& =

if and only if
& =

if and only if
<= -

if and only if
&= =

if

Jasexait®

x>10 Trua
<GN\\I-¢/SL
x<3 Fale Q_S *=5 {s bue

(x+ 1) is odd Tene
’oA{yc‘ is s Twe
b=c felie Q=D bzc => ab=al
so false
a<l Felse a=-1
Thi¢ & Convarse
a<l True L of ()
d<a<l ‘ol is e’ .'s\fO'jc
Trae e o= - 2
<o F&kSQ
itis 2 True
oy i s e Twe
itis 3 rlce. %7 2 s odd pAvne
so fFalse
/(r‘wQ_

all it angles are 60°

True

(corvere g (341«3

it is equilateral
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‘

5. Complete the statements with one of the following:
ary énd not sufficient’

‘nec‘e‘_és_sary’ sufﬁ?:%ent ‘necessary and sufficient’” ‘not necess
nN S NeS aoF N o Aot S

a) having 2 legs is a N condition for being abird (w-d = 2 M55>
b) being a robin is a S condition for being a bird  (cokin = b\'-A>

c) beingabirdisa _ ~neS  condition for having feathers
(0/\5 krde Lave foallex a~d all herde  have @ealei>

d) having feathers is a not N / nok S condition for being able to fly
l ( ?QV\SM‘/A ean 'k F\IB / kekt don't hae ﬂo,«bLW:S>

e) being an odd numberisa __{V condition for being a prime number greater than 10
primz > D = odd

f) being greater then 20 is a S condition for being a greater than 10
Xx>200 = >0

=
X > Io ib X 20 A:Sd'

g) being a stationary point is a N condition for being a maximum point
mex = srebiv-ar

stels o~en\ ﬁé AR e

2

h) x?=1 is N for x=1 -1 = x?=1\
R T
i) x?<5 is S for x2<10 y2.€ = <

i) x? <1 is NS for -l1<x<1
k) ab <ac is _nok Nx kS for b<c albk N 28 q=0, 440
aor S g a=-1 6¢O
1
1) J fx)=0 is N for f(x) to be an odd function
-1

odd E(-): —F(x) 5—'1 () = O & e

&\ £ = O HQ wob odd = fele

X
m Z<l is 251w g2
y X v 27 feke
o~ - :6’:
X-4,0 340 3C>3 ~L 50 N z e
547 Yo u e = Lt
' Lwve
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How to answer: Is P sufficient for Q? In other words do we have If P then Q?
Look for a counter example - an instance where P is true but Q is not true

Or look for proof that P implies Q

How to answer: Is P necessary for Q? In other words do we have If QO then P?
Look for a counter example - an instance where Q is true but not P

Or look for proof that Q implies P

6. Consider the following pairs of statements.
For each pair, determine if P is sufficient and / or necessary for Q

a) P Having a son P ﬂ . Pic cubleel Lr R
Q Being a parent could hove
CUMSLFU’
b) P Being on the third floor ﬂ\/ ’ ) . necesion, L B
Climbing the stairs to the third floor {/
could Rl
e kb A Floos

c) P Being tall UX P i ok culMliccel o MCZS,KCQ e R

Being successful

d) P An integer being an even prime number

]l P i swhlieed o4 necester| lom R

An integer being the number 2

? ik suHered lom R

%
A function having at least one real root tonld be. o

e) P A function being a cubic polynomial U, ¥ ﬂ\
(IR VL\ﬂ:E ey N -ax'd

f) P An integer being divisible by 5

An integer ending ina 5

ﬂ/ U?\ P s naessoy lr R
%SO

) P sinx = siny ﬂ/ U/X P L neeesoy lr R
r=y e Sin 20 = S~ IS0

h) P |x| <25 ” v ﬂx 9 i< S\ApL'CN/-,’ 60( ®
x #25 \ QSJ .30
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The following list of statements are all logically equivalent to each other. In particular look at the final
three examples which introduce some negation or ‘not’ statements.

If an animal is a zebra, then it has stripes

All zebras have stripes

Any zebra has stripes

Being a zebra implies having stripes

An animal is a zebra only if it has stripes

An animal has stripes if it is a zebra

Being a zebra is a sufficient condition for an animal to have stripes
Having stripes is necessary for an animal to be a zebra

An animal with no stripes is not a zebra

Having no stripes is sufficient for not being a zebra

Not being a zebra is necessary for not having stripes

Converse and Contrapositive
The converse of a conditional statement swaps the hypothesis and conclusion but is not always true.
Consider the original statement: (*) If it is raining then I will wear a coat
The converse of this statement is: If I wear a coat, then it is raining
but this may not be true as [ might wear a coat when it is cold but not raining.
However the original statement does tell me something when I am not wearing a coat. In this case it
can’t be raining, because if it was I would wear a coat which is a contradiction. Therefore I can say:
If I am not wearing a coat, then it is not raining.

This is called the contrapositive and is always logically equivalent to the original statement. It is
obtained by negating both hypothesis and conclusion and swapping them.

Other equivalent ways of expressing this contrapositive include:
Not wearing a coat is sufficient for it not to be raining
Not raining is necessary for me not to wear a coat
I will not wear a coat only if it is not raining

It is not raining if I am not wearing a coat
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7. Write the contrapositive of the following statements (be careful to identify the hypothesis and
conclusion before swapping them):

a) If I have enough money, I will go on holiday

e | dovt 4o o~ L@\t&g he— T dab haoe anouds oL\
b) If you do not study, you will not do well in your exams

I o clo well i~ Yo 2xan, Hen mpuc odid shudy
¢) Ben will not go to school only if he is sick

(" Mo slool => sick) 16 Zon s wdr 5\“C,|L, he vl a° lo scleol

d) I will wear a hat if it is sunny

<: lc SUVW\:)]VLIA L\&l') ﬁl c(o.,\‘(" wass C- L\AL)VL&/\ (‘l"& V\Dl/ S\An./\\)

e) Renting a flat is sufficient to have somewhere to live

(: (f ﬁ(a},mA \IIV{_B \£ c{aﬁ'(’ leve Sone vlere bk '\\}4_‘ w,&w\ | v~ V\D]' F&-L&ﬁa (:\(L\"

f) Practising the piano is necessary to pass a piano exam 1 )
(: I pess Yo PrdL‘SL> IF | do~'k Pr‘cCL:QL We prone | oo | ook pelt e ploro exsn

8. Write the contrapositive of the following mathematical statements:

a) If a shape has 4 sides, it is a quadrilateral

& Aok o «7uwlrt lakesz( | Vien doog b have & sidel
b) If an integer is not equal to 2, then it is not an even prime

I QUi PAM) Non eﬁqa[ b 7

¢) A number is even only if the square of the number is even ¢ sguee < nob euen , Vit wman. bee nok euen

. i« ndd
(: \F QV!/\IHI-C/\ Sﬁ\/\.@)’t S eVVB % (- SC)LACFL i ’O(&C{) H.ﬂ-r\ rlth—..Ls{r A

d) f(a)>0 if a >0
(= 1t aso Uan ¢ (a) >0) It tl)so Hen @D

e) a’ < ais a sufficient condition for a < 1

| | Henm aF =
(:1& otza Hun a4\> Fa>

f) a® > 9 is a necessary condition for a > 3 It a*28 Hea a3

(:l{~ a>2 VYen 0\7'>"l)
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TMUA Style Multiple Choice Practice If/Only If  Necessary / Sufficient

= b
1. a and b are real numbers and f'is a function. Lk P : z\;) . &>
Given that exactly one of the following statements is true, which one is it? Q-
A Ifa < b then f(a) < f(b) 1t P den R
B a <b onlyif f(a) < f(b) P ooy i & = WP R .
(Of(@) < f(b) issufficient fora <b @ s suHictet lor N L e
: ' com b Pz 6 F e
D f(a) < f(b)is necessary fora < b & & nlesery
2. a is a real number and f'is a function.
Given that exactly one of the following statements is true, which one is it?
P R
A Ifa >0 then f(a)> 0 e P orhen R C e e~ ®
¢ - ( o~
B a >0 onlyif f(a)> 0 P onl 1 &

C a > 0is sufficient for f(@) >0 ¢ sublectr Cor ® = € P o~ ®
@ a > 0 is necessary for f(a) >0 © /\p_uggci for & ¢ @ e T

3. a is a real number and f'is a function.
Given that exactly one of the following statements is true, which one is it?

P Q
®Iff(a)>o then |a| < 1 e P Hea & i
Bf(a)>0if |a|<1 Pt Q < \‘é@\/l-ﬂ/\m P
C |a| < 1onlyif f(a)>0 Q o b P o= (€ Q Hen

D |a| < 1issufficient for f(@)>0 Q swblyab G F = € @ Heo P

P: even Pf\'VV\.L (o} x=2

4. Given that exactly one of the following statements is true, which one is it?

= Ik ok He  Q = IM

x is not an even prime only if x =2 aok £ enly € a
if x is an even prime, then x # 2 (P P en not @R

x # 2 is sufficient for x to be an even prime nok ® suFiewt for P x i nobaes P

. . = C P VLZ-/\ rok- R
x # 2 is necessary for x to be an even prime "oF ® “ucssery for ©
f ook P e R
€ o He~ ok T

xisnotanevenprimeonlyifx #2  _ ¢ oy 6 aok B = & w0k T M~ ok B

x =2 if and only if x is not an even prime

(Dm oo w»
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. . . . : £ 0O
5. fis a function and a is a real number. P. ac0O @: He)«

Given that exactly one of the following statements is true, which one is it?

. . P e~
A a<Oonlyiff@<0 °oWE& » =722 ‘o P
f@>0if a>0 pok @ b aok © 1 {6 aok P Ve~ ad® 2

\ . X : -'F ? H-@"Q
C f(a) > 0 is sufficient for ¢ > 0 no" & swFlew-t Gr nok P 1wk R lon a0k T - T Hen@
D f(a) < 0is necessary for ¢ <0 Q n~ecassen o P i€ P e @
P en @
E If f(a) >0 then a >0 it ok & Vion ok PP D
. ok P R
F a > 0iff(a) >0 ok ® iF ok & 3 i ek @ Mok €z b P Ren R
6. f is a function and q, b are real numbers. P =a Lo
Given that exactly one of the following statements is true, which one is it? fok-& => 10
b Cl) s FB) e azb A
A fla) > f(b)ifandonlyifa >b | 5 b e Fl) 5 F) it
B fl@xf®) onlyifa<b [ ({a) s F(b) Hea ach T mpaite
C  f@<fBifazb  1Fasxh WUen Pl)e G
D a>biff(a)>fb) £ E@)s M) Hen axb D—
@ a < bonly iff(a) > f(b) L ach e ()3 C(L) conlposilive
F o a<bonlyiff(@) < f(b) 16achk He FR)CECO)
AD o_?mv el
R,C ¥ F o %&?DSI\L'VL
Let x be a real number.
7. Which one of the statements below is a necessary condition for all of the other four statements? D
8. Which one of the statements below is a sufficient condition for all of the other four statements? g
A x2<?2 > D
x=—1 > A, C D,E
c  a2=1 > ADE
D ¥ <2 = X
2 = A
E x- <1 > ’h a Ve du‘c’.scavw
I oo Uiy Q& i~ Ve witdle. cictle (%)
3 all Ue oo circlel

How Fic e
g &uﬁ[\'CM/-—" Gr C|€‘~ﬂ,b
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Let x be a real number.

9. Which one of the statements below is a sufficient condition for all of the other four statements? ¢
10.  Which one of the statements below is a necessary condition for all of the other four statements? B
x=4orx=9 = 8D £
B x>0 = X
@ x=4 = A, 8 ) D / £
D X 1s a positive integer = &
E x is a positive square number => B8, D

Let x be a real number. Which one of the statements below...

I1. ... 1s a sufficient condition for exactly 3 of the other four statements? B
12. ... is a necessary condition for exactly 3 of the other four statements? £

.X2<1 ':'>C‘|E E

A
0<x<1 = RCE C
C
D
E

D
STZET o).,
~ >

o-)
x=1 = X *

x #1 = X

13. Consider the four options below about a particular statement (*):

The statement (*) is true if x2 < 1 16 a7« | Hen Shakenat it e
The statement (*) is true if and only if x> <1 => © wA trwe X

) . (I8
b oatol Voa Shebinst & bue S A5

The statement (*) is true if x> < 4 AL

The statement (*) is true if and only if x? < 4 => Dx & e o

o o w(®

Given that exactly one of these options is correct, which one is it?

. by e
T AN VR Hoen shabene]
D T T ety
A b tesde O Hun shabemed S bt

Qamabw\.u,m\'c- w
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14. Which of the following is a necessary and sufficient condition for §=Sin (2‘2. )

kn
X
sin| = )dx =0 ‘/\ AN
L <2> T i~
v
Hen Yk oskbe e

k=2 % \ ‘#SIS‘L‘{' ~° e o
k=4  eublook, nok necttery (e k=€ € is molkgle of 4 Hhen \f yrese

k 1s a positive integer X

A

B

C

D k is a multiple of 2 X
@ k is a multiple of 4

15.  Which of the following is a sufficient but not necessary condition for
Lo \ kz ™ T oy
]{n:f :lu‘,:\ Zc0s<7> :O [doN o + =\ 2 + e
A7 k=1

:%+o+( > (-) - ( S Dqﬁﬁl

A n=2 X
B n=4 X
C n is 3 more than a multiple of 4  x
@ n is 3 more than a multiple of 8 soFletet | ~oF necexter|
E n is an even integer X
F

n is an odd integer  x

ok >0 neeken | &O‘L‘C"NM .
e~
vle— k=0

=—1 x

16.  Which of the following is a necessary but not sufficient condition for the curve
2
‘7 y = x*(x — k) to have a local minimum pointat  x = gk
(
Hf\ﬂ/\}, / / k>0 3 :.).'_3 - Liz
A k>0 nNtS 3 ZJLQ 2ky = O
'3 =0 & :_7:-11.
k20w (3 ) :
C k<0  x y = bu-2k
k<o A =21V
2y
D k<0 x (1-\ “sz . max Do~ £2D
E k = S J rin Dle k>0
K
F

L>D M@gﬂ bt ok &-Z
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Quantifiers

The words ‘all’, ‘some, ‘none’ are examples of quantifiers. These tell us how many instances satisty the
statement, and a statement containing one or more of these words is called a quantified statement.

In English there are many ways to write these statements:
All:  All/Every/Each/Any /If
All even numbers are divisible by 2
For all even numbers x, x is divisible by 2
For each/every even number x, x is divisible by 2

If x is an even number, then x is divisible by 2

Some: Some / At least one / There exists
Some even numbers are prime
For some even number x, x is prime
There exists an even number x, such that x is prime

There is at least one even number x, for which x is prime

None: No /Not any / There does not exist / There are no
No real square numbers are negative
There are not any real square numbers that are negative
There does not exist a real square number x for which x is negative

There is no real square number x such that x is negative

Consider the order of quantifiers:
When the same type of quantifier is used, the order does not matter:
For all odd numbers x and all even numbers y the sum of x and y is odd

For all even numbers y and all odd numbers x the sum of x and y is odd

However, with different quantifiers, the order changes the meaning of the statement:
For all positive real x, there exists a real y such that y? = x

This is TRUE as we can choose any positive value for x and find a value of y that makes the equation
true by calculating y = \/; .

There exists a real y, such that for all positive real x, y? = x

However this is FALSE as there is not a single value of y that makes the equation true; the value of y
that we need changes with our choice of x.
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1. Are the following quantified statements true or false?

a) For all odd integers x, the quantity x> + 6x + 9 is even Teue

|
odd t event odd = even~

b) There exists an even integer y, such that the quantity y — 8 is prime Towe

NN W= 10 3—8*— 2 S pane

¢) For all prime integers x, the quantity x> + x + 11 is prime folke

Dhe~ =]\ N2 :H('HI'HB

ot pAne
d) For all positive real values of x, we have x> > x Felie
1 2_ | Z '_
= = A= - &

Phen =7 5 2

e) For any integers a, b, and c, if a divides bc, then a divides b or a divides ¢ fale

Dl\.&/\ a:b b:C’ C’—(g

f) For all real x, o Folle Dlen x =0

X
(evektnpk e F X #03
g) Forall x > 0, there exists y such thatx +y =0 T
Ack ‘3 = =2
h) There exists a real value of y such thatx +y =0 forallx > 0 Felie

Need b cloowe oliflezt 1 tos ezl clovee of x

i) There is no real x, such that x> = 3 Folse
oo o =%z
j) There exists a real x and a real y such thatx <y True
clocre o\ poir RS L= | =2
k) For all real x there exists a real y such that xy =1 Falie

blo~ X=0 Ylere ‘& no valve ol 3
1
Mg shebtwelr 8 hue lom x#0 clooy 47 3
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Negation (denial not opposite)

The negation of a statement is achieved by placing ‘not’ in front of the statement. In reality there are
often multiple ways of phrasing this in English. Be careful not to infer too much from a negation, for
example ‘not hot” does not mean cold - it just means not hot (eg it could be warm).

If our original statement is True, then the negation will be False and vice versa.

Statement Negation

He is a doctor Not ‘He is a doctor’ = He is not a doctor

She is tall Not ‘She is tall’ = She is not tall (She is short would be incorrect)
1. Iam hungry T aga~n Aok L‘W\S—:)

2. They do their homework TLQ\S dow't do Uoic homreroprt
3. Itis not raining TE S radiag

4. The melon is not ripe T relonic ol

To negate (4 and B) weuse not (A and B) which is the same as not A or not B

I have blue eyes and blond hair I do not have blue eyes or I do not have blond hair
or I do not have both blue eyes and blond hair

. [SN
5. My socks are blue and stripy &{Uer ok ®le  of nob S £\

_ ~ ot balerhall
I play hockey and basketball ~ Do~"v @lay ol — eiler wok hockey ©

Den'k hane luack TN )50\/1—\/ 2ol dcdnk have ]uf\CL L:n'l/L "3

.‘-"\

7. 1had lunch with Bill and Ben

x>

Either my brother or sister will not help me ™ 9 broVor anal N\ gisker vl L‘”"P me

To negate (4 or B) weuse not (A or B) which is the same as not A4 and not B / neither A nor B

I study English or German I do not study English and I do not study German

9. Jan drinks tea or coffee T doesn 'k Al Yea oA ozl drnb cob-ee

e od ok callh Joba
10. The man is called Jim or John nor caled Jian o=k nok &

. o~eA2S
11. The children eat apples or bananas ~ Tl <l \ldrem eok e\l C‘WU'L Sl

12. Ttis not hot and not sunny Tk i hok o7 Suany

Note how the words ‘and’ & ‘or’ swap when we negate a statement
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To negate (for all A, then B) weuse not (for all A, then B) which is the same as
not every A implies B / there exists A such that not B

Statement Negation
Everyone like pizza Not everyone likes pizza /
At least one person doesn’t like pizza /
Some people don’t like pizza /
There exists someone who doesn’t like pizza
13. All vegetarians eat carrots  Sowy QSQW o~ don'le c2b cormkg
14. My teacher is always right /\Jl3 o oclwr i sovn-e el wron ~
15.  All dogs bark Some clexg don'lr kesk

16. Not every integer is odd All .'/\L-e_fsef_g cse odo\

To negate (there exists A such that B) we use not (there exists A such that B) which is the same as
there is no A such that B / for all A, not B

There is a prime number less than 2 There are no prime numbers less than 2
All prime numbers are greater than or equal to 2

17. Some boys like football No ‘m:}g \We Gpo\r};a]( /All 13035 dook Ne Cptha I

18. At least one square number is less than 3~ Mo squee nonbess are e U R /
All squese Aunbl are. 23

19.  There exist some birds who cannot fly ~ AL birdt ca~ &l A

20.  There are no prime numbers that are even Ak 1225F pre ot bl 1 e wen
(Frse Srelemet) (Tewg Stokene b

To negate (if 4, then B) we use not (if A, then B) which is the same as A and not B

If the sun shines, I will wear a hat The sun shines, and I do not wear a hat

21.  Ifitis raining I will take an umbrella k. rodvS e | don'k fake a— wabrella
22.  I'will receive a gold medal if I win | oia awd | dent ecede o So\f’L neda |
23.  Ifa < b then f(a) < f(b) ach ond Fy = FG)

24, f@>0if a>0 " aso ad fl@) O

(: Easo van Q(a>>o>

Note how the words ‘for all’ & ‘there exists’ swap when we negate a statement
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Negation of ‘Nested’ statements

A Consider the statement: ~ The class can complete their homework online, if for every
student in the class, the student has online access

The negation is: A class can not complete their homework online, if there is at least one
student who does not have online access.

Replace parts of this statements as follows: P = class can complete homework online
Q = student in the class
R = student has online access

Then the statement becomes: P is true if for every Q, there exists R

The negation of this is: P is not true if there exists Q such that not R

B Consider the statement:  The class can complete their homework online, if for every
student in the class, the student has a friend who has online access

The negation is: A class can not complete their homework online if there exists a student
in the class, all of whose friends do not have online access.

Replace parts of this statements as follows: P = class can complete homework online
Q = student in the class
R = student has a friend
S = friend has online access
Then the statement becomes: P is true if for every Q, there exists ‘R such that S’
The negation of this is: P is not true if there exists Q such that not ‘there exists R such that S’

or: P is not true if there exists Q such that ‘for all R not S’

Write the negation of the following nested statements:

n
1) A set of integers P is the set of even numbers if and only if for any integer n in P, ) is also an integer.

2) A set of integers P is the set of square numbers if and only if for any integer » in P, there exists an
integer k such that k2 = n
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Negation of ‘Nested’ quantifiers

A Consider the given conditions for the following statement to be true:

The class can complete their homework online if and only if:
‘for every student in the class, the student has online access’

To find the conditions for the negation of this statement, we determine:

A class can not complete their homework online if and only if:
'there is at least one student who does not have online access’.

Replace parts of this statements as follows: P = class can complete homework online
Q = student in the class
R = student has online access

Then P is true if and only if: for every Q, there exists R

And P is not true if and only if: there exists Q such that not R

B Consider the statement: ~ The class can complete their homework online, if and only if
for every student in the class, the student has a friend who has online access

Then we determine: A class can not complete their homework online, if and only if
there exists a student in the class, all of whose friends do not have online access.

Replace parts of this statements as follows: P = class can complete homework online
Q = student in the class
R = student has a friend
S = friend has online access
Then P is true if and only if: for every Q, there exists ‘R such that S’
And P is not true if and only if: there exists Q such that not ‘there exists R such that S’

or equivalently: there exists Q such that ‘for all R not S’

2 <

f 1

. . r . AN n. .
1) A set of integers P is the set of even numbers if and only if for any integer # in P, ) is also an integer.

What are the conditions for P not to be the set of even numbers?

Aok P b U exiss B el Wk nobk C | L
o~ nunbers (6 Were ki a— iale @ i P socl Yo

<F D e
P Aok S F ol ev 2 g el a~ :,\\,.LS_U’
A

2) A set of integers P is the set of square numbers if and only if for any integer » in P, there exists an
integer k sych that kK>=n 2
What aare the condition for P not to be the set of square numbers?
P e a~ B Uoe extthh C suel Wabl B ‘
aoe P il dere acisks B suck wek qof fecisky € oswcl ek d
“ al C ~ok D

O ok ceb of squoe Aunbes il Uoe exisW e M—l_%zf A P osael Uk

2
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Counter Examples

A counter example is one example which disproves a statement. It proves a statement is not true.

1) Find a counter example to the following statements:

a) All quadrilaterals with equal side length are squares Qorbus

b) The square root of a number is always less than the number E_ = —;_

C) If a three-dimensional solid has a circular base, then it is a cylinder Cone

d) If n is an integer and n? is divisible by 4, then 7 is divisible by 4 n=4

e) If p 1s an odd prime then p+2 is also an odd prime p="

f) The sum of 2 numbers is always greater than both numbers (-2)+ (- A)

) 10k? 4 1 is prime if & is an odd prime =23 W (2Y+ | =4l=7x\3
h) For all real x, 5x > 4x any X< (o)

i) For all real x, /1 — sin’x = cosx ~=-8 (1= _\\

2) A set of five signs has a letter printed on the left and a number printed on the right
A8 B4 Cl1 D7 E3

Which sign(s) provide a counterexample to the following statements:

a) Every card that has a vowel on the left has an even number on the right [N
b) Every card that has an even number on the right has a vowel on the left. Rk
C) Every card that has a consonant on the left has a prime number on the right Ru <l

d) Every card that has a prime number on the right has a vowel on the left D7

3) How many counter examples are there to the following statements:

a) All odd numbers between 2 and 20 are prime. 2z & 7 @ noo13 @ 17 19
ya cou«\\qfé,;ca.,\,\PlLS (ockd bub ok P"“"'\LB

b) If n is a prime integer less than or equal to 10, then n? + 2 is also prime
n=- 2 3% s 7

2= (®0 (@ED

C) A whole number n less than or equal to 50, is prime if it is 1 less or 5 less than a multiple of 6

Llegs or Sless = ()S 7 w3 17 4 23 (%) 24 3l D37 wiuz w1 (D)

L cou~ruecample (e or Sless , aof prme )

3 cou/\lfo’vucaw\\osz (r\ pime < 10, n*+2 wok p<m5>
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4) Prove the following statements, or find a counter example to disprove them:

a)

b)

d)

g)

h)

3

k)

For all real x, 3x < 3*
Fahe’: QL@«\CL'—\ 343 & ok Fue

Forallrealx, if ax =bx thena = b

Colke won x =D e, N ca~ be dilheret

If a positive integer p has remainder 1 when divided by 3, then p? also has remainder 1 when
divided by 3 91'7%7'“ ?’Sz |, 6k 3u3

Towr = Bnx | 2 7—7f\z+ In*+ Znw |
¥ v = 3<7A3+ a4 ,\'>+\

For all integers p and ¢, if p < ¢ , then p? < ¢
é&l% . F:_S,i: ,

For all integers n, 9n® 4+ 24n is not prime

Towe ¢ 4%+ 2, = g(é«(ﬂ 8,\3 Lot Lacler R b alln

If a positive integer p is prime, then 2p + 1 is also prime

. ?—_ 2.36 7 :7
e e s 7 ® P

For consecutive even integers p and ¢, p> — ¢° is a multiple of 8

jrus Zlm—?. = Zk—
7 . P = , 2
R 1> e F(en) - 2 blide s e omalliple ob 272 ¥
For all integers n, if n is prime, then (—1)" = — 1

e+ n=2 ()=l

4" 4 3"2 4 3 s divisible by 5 for all integers n > 2

_ X (]4&]/ b 11'
bl v o a=t 254 Fx 3 b D<)

c , n=1
Felse hon A

If p and g are irrational, such that p # g, then p + ¢ is irrational
o\
Colse p= ) g = P Prq = O calom

If p is rational and ¢ is irrational, then log,q is irrational

- l'o 2":l (‘G\.L‘O\»Q.l
Folye - \>"—2 ‘1:‘{2 MDSLE —7-13
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Logic

On an island people either always tell the truth or always tell lies. Identify the truth-tellers or liars in the
following situations.

1. You are approached by 2 people, A and B.

a) A says “we both always tell lies”
1L A hule = boll kel Les X conleadic Lo
A licy = nok bolll kel led = e .

b) A points to B and says “he is a liar” and B says “neither of us are liars”

1t A rrullh = B i ler = ok lead ore liar

]@ A lar = g h"u\\A/\ = no e & X CDA'\S“LLC{(‘CL“D/\
c) A says “we are both telling the truth” and B replies “he is lying”.

L A e = 8 hulle = A War R Condrediclion

A lies = ab lestk oe \ter

Wt R keyr = A WL x o~z diclion - &M\/L = A lie~
d) A says “at least one of us is lying”

A ol > 3 har

1. A llar = o ol % co~rrdic Lo~

e) A says “exactly one of us is lying”, and B replies “actually we’re both lying”

e a4 k= B lar = ak leatk o WL S

Wasr vo West oc boUlo liesy =5 boUl lrars
bt B lar = ab leagh o b VL

% o eadiclon

I A kar = !

2. You are approached by 3 people, C, D and E.

Csays “Disaliar”. Dsays “Eisaliar”. E says “C and D are both liars”.
6 ¢ ude = D lar = £ b o« co~lepdiclon
e ¢ lier = Dk = € Ve S

3. You are approached by 2 people, F and G.
F says “Either  am a liar or G is a truth-teller” (o< kou—\
¢ F h"m\/t,\ = a ‘TT‘\AVL\ g
1t f lar => fFs ~ot o lles c_»\_(_'\ G i nob a ol Fellor
x co-~lediclo~

4. You are approached by a group of 4 people, H, J, K, and L.
J says “Kis a liar”. K says “L is a truth-teller”.

L says “J never tells the truth”. H says “K is a liar and [ am a liar”.

= = ! = T wull.  Hler x u»lrac{"t[»‘w
e 7 bl = Kdlier = L les Nt 7 e L

H W‘JL x c‘,o.,_lfLA“CL‘M

it d ter = Kk = Lk = T \ers
roller

oL H \Y\AVL - bexlrnc(r“d‘)a—\
- H lies = K \—ml”,\ => L )fn/\%\ = J Il
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Errors in Proofs

Common errors to look out for include dividing by zero; only taking the positive square root; arithmetic
or algebraic errors; incorrect manipulation of minus signs; minus signs in inequalities; decreasing
functions in inequalities; finding all trig solutions; invalid conclusions.

1. Find the error(s) in the following attempted solutions: Lol
(2O w*‘t i) ’r\%‘_x
4x +1 2SN
a) 210g3x — log3\/; =5 b) 1 <3 & = S b
w((é(’, —2_ 2
n \0‘3 X o~
e o @0g3$ =5 4 +1<3a@-1) et PIVAS
4x+1<3x -1
2log/x =5
x <=2
logzx =5
V\C(D"‘rec’k S
w‘hufi\ﬁt_[@l’j x=5 =3
c) 4sin’x = 3tan’x oot x ‘m d x _x-1_
O Yo ) x+1 x+2
2sinx =+/3tanx e %9 X+~ D= 1)
2sinx =\/§smx O+ D +2)
cosx L r
\/_ L C\N\.c\;,&BB ]‘0\,\\0—/ xx+2)—-x+DHx-1)=0 \(\corret‘;\g_of\
2cosx =4/3 We OV ex
loget Wy =0 x24+2x — x2® =0 v
V3
cosx = — 2x =1
\)&\\AL ( b\> 1
x=§ ZGA[\ w\_\?ﬂf@P& x=
NEAYA %\'\MV\
e) Given 0<x< g find the range of values for cosx
1
o
x>0 <§ D sx < 2 "E
1
- 3 L o8 X £ l
cosx >0 cosx < cosg
No  —| £ xx € |
1 1
co 0< <—
SX@E <cosx < 5
No el cosne W A&
Aﬂcr@&&ﬂ:& Canclion

Ocx ¢ T
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Find the error(s) in the following proofs and circle the line numbers where these occur:

2) Let x =1
multiply by x x?=x @
subtract 1 -1=x-1 D)
factorise x+DHx-1)=x-1 (TIT)
divide by (x — 1) x+1=1 @ ruicing by x-1=0
substitute x = 1 2=1 V)
3) Let a, b be two numbers where a # b andleta +b =2c
multiply by (a — b) a’ — b?> =2ac —2bc (I
add b? + ¢* = 2ac a’>—2ac +c?=b>-2bc +¢? (II)
factorise (@a—c)=0b-c) (I11)
take the square root a—c=b-c a-c = ~b+cC @ \—ake_ir
SO a=>b avb = 20 V)
4) Consider the attempt at solving the following equation
sin?A+1=2-cos’B
rearrange sin?A =1—cos’B 1))
substitute for cos’B sin’A = sin’B (I1)
take the square root sinA = sinB (I11) Feke X r
inverse sine both sides A=B @
or A=T-% el
A=2mt B
5) Given that N = k% — 1 and k = 27 — 1 where p is an integer, show that 27*! is a factor of N
Consider op (201 _ 1) @
expand =22 _ op+l 1))
use law of indices =22 _2(2P) (I11)
complete the square =P -112-1 Iv)
substitute for & =k>-1 (V)
substitute for N =N (VD
Therefore 2P*! is a factor of N B ; ot botbr of N -
s i a proof of Ve cooveRe 627 isarettr of U
Proof and Logic v4 Tyler Tutoring



TMUA Proof and Logic Summary using Venn Diagrams

Definitions
and A and B means 4 and B together (A N B)
For A and B to be true, both 4 and B must be true

>
-]

S

or A or B means 4 or B or both (A U B)

5

For A or B to be true, either 4 or B or both must be true

negation = not

not (4 and B) = not 4 or not B

>
™

&

not (blue eyed and blonde) = not blue-eyed or not blond
so could be one or the other but not both

>
[+

S

not (4 or B) = not 4 and not B

not (blue eyed or blonde) = not blue-eyed and not blond
so does not have either characteristic

if, then
if 4 then B means if 4 is true, then B must be true  (But if 4 is not true, then B could be true or false)

We can also write this in the following ways:

B

A implies B A = B A
BifA Aonly if B @

B is necessary for A A 1s sufficient for B

The converse statement (swapping statements) is

‘if Bthen A’ but these are not always equivalent
The contrapositive statement (swapping and negating both statements) is

‘if not B then not A’ and this is an equivalent statement to the original.
The negation of the statement is

‘if A then not B’ or ‘A and not B’

if and only if

A if and only if B. We can also write this in the following ways:

A implies B and B implies 4 A < B "’
A if B and A only if B Aiff B
A is sufficient and necessary for B
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