Arithmetic Sequences u,=a+(mn—1)d aisthe first term, d is the common difference

1.

d)

For each sequence, write down the first four terms, and find @ and d.

a) u,=5n+3 q=8 b) u,=7-3n a= Lk

g 12 18,23 94=95 w,\-2,-§  d=-3
c) un=6+%n Q:Ié d) u,=2-n a = |

6 7,738 472 Lo, e
For each sequence, find the nth term, and the 10th term
a) 5,8, 11,14, ... by  -1,3,7,11, ...

Upz 3ntl  wU,=32 Un=ln-5  Wo =385
c) 25,18, 11,4, ... d) -2,-7,-12,-17, ...

Un~ =2+ 32 w,=-3% Unz =S + 3 We = — %77

The first term of an arithmetic sequence is 12. The fourth term is 30. find the common difference.

a=17 ar2d=20 3d =20-12= 18 4 = b
u3= 30 and u¢= 9. Find the first negative term in the sequence. .
- = - - -7~ £ D N >—
AT T Ll TR UL wess
The 7th term and twelfth term of an arithmetic sequence are 28 and 73. Find the first term and
o avedsae  sqzes  ars= T

W, za+lld = 72

The first three terms of an arithmetic sequence are 5p, 20, 3p where p is a constant. Find the 20th

term in the sequence o a-= 5? Q=25 Upy = 25 + 19 ()  yn= -Sa
20 - Sp =3¢ -~ 20 ard= 20 ol = -5 - _70
40 =%p ar2d = Z p
P =5
The first three terms of an arithmetic sequence are -8, k2, 17k. Find two possible values of k.
VRN S iy D K-,‘/Z}g

7k - M+ =0
(2 - )(le-@) =D
The seventh term of an arithmetic series is 6 . The sum of its fifth term and its tenth term is 16.
Find the first term and the common difference of the series.

a+ bd = 6 d=14

arid+ a+ 9d =1 a=-18
20+ 1234 = 14
Zot l2d = (2
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Arithmetic Series a is the first term, / is the last term, d is the common difference

Sn=§(2a+(n—1)d) Snzg(a+l)
4. Find the sum of the following series:
a) 2+6+10+14+ ... (15terms) Sy = l{_(u-r )L\L(@} - %K 60 . WD
6= 2 d=u, acls
b) 54+1+-3+-7+...(20 terms) SZo - %o (lo + )1 ("‘*>> - 10 (10—75\ = 660
a=8% d=-u a=120 Z
Q) S+HTH9+..+75 S+ la-)2 =75 S = 8(s+7s) = w40
-6 L=75 d4=2 n =36

5. Find how many terms are needed to make the given sums:
- Sgo =0
T4 Gn

+6+7+8+...= -1) =290 =~ =
a) SOf S7 ds:\.. 290 %(/’O+f‘ > (n-z0)~+2¢) =20
b)  64+62+60+...=0 “N-0 128-2~+2 =0

a=by4 d=-7 z(ll@—Z(" l\> B A= 85
6.

a) Find the sum of the first 50 positive even numbers. < =28 ( o+ 41 [ﬂ}
SO

a=2 d=~2Z A=%D . 2€x 102 = 78S 0D

b) Prove that the sum of the first n positive odd numbers is n?
a (2
a=1 d=171 Sz <2.+ Z(""'l\)> 2
= N

(7_4— u—l} =

c) The 4th term of an arithmetic series is 15. The sum of its first three terms is 9.

z

N> NI

Find the first term and common difference of the series.
\4\4: GL‘\’ ?)A: ]S Zag:—é 0\:—6
83 = g& + gd = Ci = —3

d) The nth term of an arithmetic series is given by u,, = 6n + 11

Find the sum of the first twenty terms of the series
= 17 - =
:{& 6 QL = 10 <%4 + l°l[6)>
- = o (34 + 0w )

148D

e) The sixteenth term of an arithmetic series is 6. The sum of the first sixteen terms is 456.

The sum of the first &£ terms of the series i1s zero. Determine the value of & .
atr & =6 A (Ioz - 5(""5> =0
_ 2
SM; 8(2\0\4— lSA>—beé |02\"Sr\‘l'3: (@)
2o+ 184 = S7 2~ = 10S

q;Sl A:"S " = 55
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n—1

Geometric Sequences u,=ar a 1s the first term, r is the common ratio
7. Find the sixth and nth terms of the following geometric sequences: 1
a)  2,6,18,54, ... 62w w, = 48 un= 2 (3)
a2 r=3% n
b) 1,'2,4,'8,... [bl _SZ L/(b :_gz_ UnA = <~25
Q= \ = -Z ,7’\
)
c) 100, 50, 25, 12.5, ... 6-25 %1258 Uy = 3-128 u. = oo (1
Q=D T = ‘/Z - 100
n—\
(2)
8.
a)  The first and second terms of a geometric sequence are 90 and 30 respectively. Find the common
ratio and the Sth term. y
1 _ 9 D |0
Q= QD \,{5 = QO <3> - = —_—
r= Y g\ 1
3
b)  The third and fourth terms of a geometric sequence are 36 and 27 respectively. Find the common
ratio and the Sth term. 2 2\t
or’ = %6 c= 27 % a=Sbxd - 64 Us = 64'(3>
= —_ = - 31
etF%—‘-Z7 % " :64x8|_'?,]
bl x L L
c¢) The second and fifth terms of a geometric sequence are 12 and -1.5 respectively. Find the
common ratio and the first term. ) 12
or = |2 rgz—tf.:‘?; ‘*’(’23’
- _1-.8 1z a ~ ~22%
ae = | =~ L v
g
d)  The numbers 3, x and (x + 6) are the first three terms of a geometric sequence with all positive
terms. Find the possible values of x. 4 2 Q= 3%(
> = — ol =
N e e P
3 o -2~ 18 =0
(- [D(_AU-SB =0
e)  The first three terms of a geometric sequence are given by 8-a, 2a, and a2 where a > 0. Find the
value of @, and hence the sixth term.
’ 2 3 Q=0, 4 M$:2+<2f = 128
YA o’ Z-[0\7': Ra-a -
g-a  Za oo - Ha" =0 A=t
f) A population of ants is growing at a rate of 10% a year. If there were 200 ants in the initial

population, how many ants will there be after 3 years.

o-200 =11 uq:zooxlwxl-\xl-l
- 220x1.1 x1-]
- 242 x1-|
- 2467 244

——
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e a(l=r") _a@"=1) , .

Geometric Series S, = ] = ] a is the first term, 7 is the common ratio
a

S, = ] for|r|<1

(series is convergent)

Find the sum of the following series
g
a)  1,2,4,8,... (8 terms) Sg = ! (Z">

_ 2ss
az\l r=72Z a=% ‘>» 'nglzl—k_(:_é
- (= =) % ¥
b)  30,15,7.5, ... (5terms) ¢ = giﬁ_,)) 3z
az30 = L?_ n=5 Mo
R + W = L‘\
) 4444 . (2Sterms) H-wrhTB B 7y ¥
o
10.  Work out whether the following series are convergent, and if so, find the sum to infinity
a) 1+0.1+0.01+0.001+... Q- \ oy L e
k ® T et AR L
r=—o-\ cmva_r-se«\ —
b) 04+08+1.6+3.2+...
~ND
b
) 16+8+4+2+. ., S A 5z
= ‘/Z C}?\A\I\ﬂfyﬁ\/ (]- 25
11.
a) A geometric series has common ratio — . Find the first term, given that the sum of the first four
tenn51s36S;Q(1,(>) g0 g = Zk
8! 2us
= /5 ’2_/5 Q = Bl xzk c
\ €0 10
a (l - _Sﬂt\ = Zh | e
b)  Find the least value of n such that the series with first term 5 and common ratio — exceeds 9
- Y — (LY i !
e £(U0) 5 e (- )P Ly
| - 1 — LA > 3
z o n= 4
v’
c) The first and second term of a geometric series are 90 and 15. Find the sum to infinity.
o= 90 S, - 10 8xb - mDF
= g 4

d)

The common ratio of a geometric series is twice as large as its first term. Given that the sum to
infinity is 1, find the exact value of the fifth term of the serles
F=Zla

a= 1= g = > 243
< ~ q - | a = 1— Ze
o =
— o — \/
| = 2
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Sigma Notation

n=1

5
Z (2n — 1) this is the sum of (2x - 1) with the values of #n substituted from 1 to 5 (=1+3+5+7+9)

12. Calculate

4 4
a) D> Gn+1) e) D P+
n=1 r=1

S+ 7410413 = 8, .74+ S+ 1D+ 17 =3k

6

b) D (@n+5) f) 50:1 - 1D
n=4 r=1

(%A 1S+ = 4 S

20
0 D (13r+4) 17, 30, .

30 <) 55 ... 12l
g D @k+1l
r=1 Q= 17 O\:IS L =244 k=10 820 . 1N
21 <S|+131) AL A
- lo (zéqw?B = 1810 = = —
< - 162
d Y sin(90n) oY eE™) 2 6 \8,5k,
n=1 r=I1
| + © =\ +0D F__. - | +D - Z(gs——l> - YARRYA
=0 = | 7
ol Sk = 2 (Z’I' 2’\3
13.  Show that 2 b <. %—(sz(n-\)} ol 2t
n - A+N
a) 2(21”)=n+n2 az=? . A (ZV\+’L>
r=1 Ol_—'z ya A
alaa) = A

n

18
b) Z(ﬂ)=%n(n+ll) Liyg

n A n
3 S,\:%'<L}“'“("”\\)>:—Z—_<,3+S>
iy A+S\> RS |
Q;lz %_ S./\?.%(Z* 2 = 6/\</\+L§
A=/ - f_(é%—f\«-ﬁ
n 6
100-2]{ :99 — 2 /_" B _ >
c) ]Z}( ) n—n ® o= z<,% 2.(n \>
a8 zi(zqg-zg
d=-1 >
o S <O(g4'lOD—2.A> : A<ﬁ‘1~/\3
— 2 ) 49 A
Sequences and Series _ 9 40 - - "

Dyler Tutoring



Recurrence Relations

u,.; =f(u, forexample u,,, =2u,+1 and u; = 3 give the sequence 3, 7, 15, 31, ...

14.  Find the first four terms of the following sequences:
a) U,y =u,—5 andu, =16 b) U,y =3u,+2 andu; =1
e W ¢ | ([ s 71 83
c) U,y = W,)*—1 andu, =2 d) U,y =3u, andu; =1
2 3 8 6% L2 9 27
15.
a) Given u, = u,_; +n and u, = 4, find an expression for u, in terms of n "
woel =S Un =+ S o alam) BEAIN
Uy =(urty 2 = 7 r= z
Uz = (L\+l+2>"r 3 =1°
b)  Ifu,,,=@-u,)* andu, =4,findu,,
u, = |
us___L\. = L\—,l,Lt,l,.- ul‘D:l
4
c) Ifa, ., =3a,+4 anda, =k and 2 a, =32 find k.
Q, = 51’**'; oAbl r=1 Lokt 72= 22
Gt’s:-(ﬂg-l—l +y = ]Ll’l
Q,_‘ = Z7]L+£1
d) A recurrence relation is defined by a,,, | = 7a, — n® -3 anda; =1
> Ge = 280~ b4 -3~ 215
Find )" a, <
r= _ - l
q7_1:7__]_3_3 qu_)%:g+(’o+bco+23
Q,=21-8-3=10 =l 2 247
G, = (0-27-2% =-uD0
1
e) A sequence of numbers is given by the recurrence relation u, | = 1 u, =2
12 ' _Iitn
. U~ - & Z"'{ "’/>
Find u,, and show that 2 u, =6 é o ( ‘
~ Z 1 =1 - pd L{ (E o é
M= LAS - /Zr - 2
U, =~ | -
> Uy = &
o . 18
f) A sequence of numbers is given by the recurrence relation u, ;=5 — 1 u, =0
un
Find us , uy, andull 0.5 - B
Ug = 5— g = 3 LU,
- R
ML\:S’EZ\ LHMI‘?
Y2 u, = - 1_—
s
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k —5Su

u

n

g) A sequence of numbers is given by the recurrence relation u, ;| = u, =1

n

If us > 6, find the range of values of £.

2 .
Up = k=5 (18-t ) (b -5) » b(kL10k4) oo\t -0k
b -2k + S5<0O

2785

Uz = k- Skr2S >4 28l - Uk ® + 20 - 125 >

— - k-5) <O
\4 "'S 2 (Zk‘ HB( )
bk - -bolk + 1So boS €S \J
. 5 <k < $-s
h) A recurrence relation is defined forn>1by a, =k + Ea"
If a; = 520 and a, = 72 find the value of k.
Z k= 7
QZ = K + 72460 (=S
az = k+ Z k180 ko= b

o,z K+sk+phtb$ =72
i) A recurrence relation is defined forn >1by  u,,;, =k + (=1)"u, u =4

4
Show that us = 4 and given that Z u, = 6 find the value of £.
r=I1 \'{S‘: K-—].L{_'—k:/-\-

\-42: qu k _ é
Ug= K+ k-4 = 2k~-4 n+k-ur2k-Lrh-K <
MH:K"Z[L"'L":L*—k Zk :6 ]<;3
12
1) A sequence of numbers is given by the recurrence relation u,, | =k — — u, =1
un
" If duy = uy 'Ii'zl,ﬁnd the possibfﬁvi%esgflé. | 2T 3hl -4k ¥SRE #1220
% U, = le- IZ Yy 23— 8Sk 40D = O
Ky ug = k- = 2k -4 = - 12 (2k - w)(k —1s)
ﬁ -1z - 11 k=40 18
— z,
k) A sequence of numbers is defined by the recurrence relation u,,; = ku, + 6 u =4
7
\e= ”L\O ]"L\'Ifu3 = 10, find the possible values of k. ),y >y §k -4 = O V.= 51 -2
L{l’:L) ¢ M'L:—L‘}\Q'\/é Zle""gk—'Z:D /
M%“"\o,“’“‘ Us, = < (nkrg)r =10 (2 = N let 2)= 0
153 )

Given that the sequence converges to a limit L, determine the value of L. | =

L:'\ZL'\’é éL:é L= |2

1
Z

1) A recurrence relation is defined forn >1by a,, | = \/m a =k G, >0
Given that the sequence converges to a limit L, determine the value of L.
L= Jet12 (2-u)zr2)=0
(2= L1z L=t, =3
1t~ L-12=D

P—
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Binomial Expansion

1+x)"=

1 2 /n
—_— — 2 — —_— —_— r = r
Lbnx+—n(n =1+t —nG = 1) (1 =7+ Dx Z< >x

(a+b)y"=a"+ <rll>a”‘1b oo+ <n>a”—’br ... +Db" =) <n>a"—rbr
r

r=0 r
16.
a) Find the coefficient of x> in the series expansion of (1 — 5x)*
K 2 - L
(D) Eso) = b ox Lns)ad < - soos
b) Find the coefficient of x® in the series expansion of (1 + 3x)®
6 6
( %) (30) gxT .3
ya
c) Find the coefficient of x? in the expansion of (1 + 2x)%(1 — 3x + 3x% + 4x°)
Crv v ba® D (1-2ar 3a>r bas
< Z-t2+ o= =5
d) In the binomial expansion of (1 + kx)%, the coefficient of x? is twice as large as the
coefficient of x2. Find the value of £. 2
= 7
5 3 Z b \Q’L le. A
(3« = 2 (=
70" = D k®
e) It is given that (1 —2x)(2 + kx)°> = A + Bx +240x%> 4+ ... where k, 4, and B are constants.
Find the possible values of k.
NeY v )
(-20)(z4ks)s = (1F20(25+ S (k) + o (2 (=) + -
A=37 = -4y +80k  Zyo = — ltok + 8okT Sz -
& q \L‘l_ b -2 o (k_g>cly__+[ =0 |4 3) l
f) Given that & is a non zero constant and # is a positive integer, then
(14+kx)"=1+40x + 120k%x% + ...
Find the value of k£ and the value of n
D AT T S Zup = uoxé
l + " \L‘y‘ Al V\’(L, o 1 20 <\
z = 1% 1b
Al = Wo . l <
= | Lz —
A Gn-t) 2 120 Aln-y= 200 z
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Trinomial Expansion

n!

Coefficient of a’b?c"in (a +b +c¢)" wheren =p+qg+r is S
plg!'r!

17.
(1) Find the coefficients of the following terms of the series expansion of (1 4 x + y?)’ .
3 wul U .
2 a) x6 e 1+ (uhj}" SRV 7\/«1’3l + Z\usl:{l v 35‘*"}6 v 3S e 2] 31‘, * 7t 373
20y L L & R A e -
4.2 <
05 Xy ey RO
g d) Xy 2) ) | 20 kS 2wl
gk 7 A R men
{"6.1_';‘: 6[1_!_0! AR T _ 105 s
(i)  Find the coefficients of the following terms of the series expansion of (1 4 2x — 3y?)* X
2 2\2 2\3 3
29 a) x3 - (“,stq‘_ 4(1*7.5.33(—'53"\) b ((l—Z)LS (—3:)3 + L\(\\- ZXBC‘ZB\ + ( 33\ \)
3 a 4, ) =2tb q(12)(-3) =~k
I R B0 S R Te R R N e A
4 1
21b c) Xy 00 \ ! \ A ! %(_3 1\
\ N /2 (N (3 (Y3
_qun d) x2y2 ©) (7.13(-333 ¢ &LZ&\C 35 333 1 y ! luy
I ()= al -1 2x 9x bl -1 2Rl e
7% _;T- =32 * —?": 2! A
(iii)  Find the coefficients of the following terms of the series expansion of (1 + 2x + 3x2)>
° 0 2 . ’-l'x ‘ - 8‘0
1o a) X N (q‘* (7_1)‘ (3;(_”'\ q:&.‘ (0 (7-.1)‘ (313’5 1x3 %- =
s b) x2 22 8! .10 () (7-3@3(33‘-13 X
ul =
9 ) I
Bo c) X 2 u o 2\'  2x S8 ° 2\ t ¢! _ 9o
— o b} FL (‘Z (7-1)1 (312 ] L;'.I o A) oy (Y (2x) (=) ° O o
* x — = z z q,‘ 1')( LS I =
(O () (3) 1 2= (3 (7_13(315 1'x3n 5L
IS+ U0 =5 () () () LeSe
Qo+ 260+8D = S’séo
(iv)  Find the coefficients of the following terms of the series expansion of (1 + 2x — x2)°
o [ o 6l _ 15
) X 5 @Y () g S (Y @YY T
o ,l [ _ 1 (Y 2= T
(oo b) x> ) (74)?— (“’*IB quﬁu 6° ) (2.=L>L (-i.7'55 Zu( zl 23!
o 2 - o}
1S ©) x8 bo-b:24 SR NE S AT
\S ~2uD =15
Od) X9 U ! 2\ (—0~< él;-.:‘éo Srrert =
-0 1:) () (2) K"S'B Z-S ,u(' 20x8 \ | \ 2 61 _ 4o
1 \0 . = T < [
ey ey eI e
lbo ~ 40 = 0O CS’ (1) (’J}B te e
— 2
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